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Grid-based interpolation

Suppose chargeisat origin, then potential Is
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Using a second-order inter polation polynomial,
theerror is .3
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where h isthe uniform grid spacing.
Far field can be accurately approximated with
low-order polynomials.



Grid-based interpolation

|nterpolation error decreases with
theincreaseof r.
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Grid-based interpolation

Interpolation error does not necessarily
decrease with theincrease of r. Grid
Spacing must be smaller than wavelength.
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PFFT Algorithm:
Interpolation Matrix

Given f ;

Compute f (X, y)




PFFT Algorithm:
Interpolation Matrix

f(xy)=a cf(xy) =f(xyT

Anexampleof f (X, Y):

1% X2, V, XY, Xzy’ yz’ Xyz’ x2y2



PFFT Algorithm:
Interpolation Matrix
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PFFT Algorithm:
Interpolation Matrix

Y, ={t(r),f (N)=§S (r) ' (N)[F]'f, =W'f,
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Operations: 9N, Memory: 9N,



PFFT Algorithm:
QOuter Differential Operator

If the kernel hasa differential operator outside:
o )(yIS(G(r ,For (rg
The operator workson the interpolation
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PFFT Algorithm:
Projection Matrix

Assume a unit chargeat point S
fe) =G(r, )

find grid charge 1

f&=ar,6(,r) =(r)f,

such thatf ¥ =f



pFFT Algorithm:
Projection Matrix

Expand the Green’s function
G(r,r.)=a f(Me
k
match both sides at grid point 1;
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PFFT Algorithm:
Projection Matrix

For unit point charge

' (M) = ' ()[F]”

If thechargels

adistribution b, ()

(FO) = o, (N FH(M)[F]*
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PFFT Algorithm:
Projection Matrix

For multiple panels.

r(r)=aab(r
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PFFT Algorithm:
Projection Matrix
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Operations: 9N, Memory: 9N,



PFFT Algorithm:
Inner Differential Operator

If the kernel has a differential operator inside:
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PFFT Algorithm:
Duality of [I] and [P]

ith row of [I]: s, (1) FH(P)[F] "
|ji

jth column of [P]: b, (r‘)f_t(r)[F]'1
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if t,(r)=b,(F), orT,=B,, then

p=|



PFFT Algorithm:

Summary of P and |

operator none d/dn
Ll I PRI M 1
s () £ (n)[F 8OOl
b!
[P] \ \Nft/7= -1 d —
S (M)f F .
chjﬂ (N FH()[F] e




PFFT Algorithm:
Summary of P and |

For ageneral kernel 9 9
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Both matrices ar e independent
of the Green’s function



Implementation:
How to Fill the Interpolation Matrix

* Row index = pand index
e Column index = index of interpolation

grid for the panel
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Implementation:
How to Fill the Projection Matrix

e Column index = pandl index
 Row index = index of interpolation
grid for the panel
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Implementation:
Source codes

e See InterpMat.cc
e See projectMat.cc



Numerical Experiments

On the surface of a spherewith radius R

HISK (7, rgr (r§ b Ax

Let x bearandom vector

Y, = AX
Y, = pfft(x)
arop < 1% Yol

%



Numerical Experiments:
Error vs. polynomial order

P=3 P=5 P=7
% 8.4e-5 1.3e-6 4.3e-9
Al 85e-3 | l.le-4 | 8.4e-7
/'
eiky kR=11e-9 | g 3.5 1.3e-6 1.7e-9
r
le”“r kR=11e-9 | §0e-3 | 7.5e-5 | 5.9e-7
1n
eiky kR=11.1 4 9e-4 1.1e-5 4.0e-7
I
v/ kR=111 | 14e-2 | 2.8e-4 | 6.5e-6

% r




setup time vs. polynomial order

(seconds)

P=3 P=5 P=7
% 3.76 39.48 305.61
Al 4.28 45.96 326.47
/r
e/ kR=11e-9 | 5566 | 249.01 | 1022.05
le”“r kR=11e9 | 4780 | 229.02 | 971.32
In
e% kR=11.1 53.06 | 242.65 | 1082.36
ﬂle‘” / KR=1L1 | 47.99 | 226.89 | 967.58
N




Memory usage vs. polynomial order

(Mb)
P=3 P=§5 P=7
Y 10.75 | 35.18 87.94
Al 10.75 | 35.18 87.94
/'
e/ kR=11e9 | 16.04 47.3 114.5
I
le”“r kR=11e-9 | 16,04 47.3 114.5
1n
e/ kR=111 | 16.04 47.3 114.5
I
Tgh/ krR=111 16.04 47.3 114.5

% r




Matrix vector product time
VS. polynomial order

P=3 P=5 P=7
% 0.07 0.11 0.17
Al 0.07 0.11 0.17
Tn/T
eik% kR =1.1e-9 0.20 0.33 0.64
1 g« / kR=1.1e-9 0.20 0.33 0.64
Tn /T
ke kR=11.1 1 32 _
e% 0.19 0.3 0.63
T/ kR=111 0.19 0.32 0.63

% r




Moral of the story

e pFFT++ Is excellent for 4-5
digit accuracy

e Use with precaution for higher
accuracy level



Next Lecture

e Loss of Accuracy in double-
layer potential

« Compact projection and
Interpolation stencil



