
1

Algorithms, Implementation Algorithms, Implementation 
and Applications of and Applications of pFFTpFFT++: ++: 

Projection and InterpolationProjection and Interpolation

Zhenhai Zhu
RLE Computational prototyping group, MIT

www.mit.edu/people/zhzhu/pfft.html

•• GridGrid--based interpolation based interpolation 
•• Interpolation matrixInterpolation matrix
•• Projection matrixProjection matrix
•• Implementation detailsImplementation details
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GridGrid--based interpolationbased interpolation
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Suppose charge is at origin, then potential is

Using a second-order interpolation polynomial,
the error is

where h is the uniform grid spacing.
Far field can be accurately approximated with
low-order polynomials.
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GridGrid--based interpolationbased interpolation

Interpolation error decreases with 
the increase of r.

GridGrid--based interpolationbased interpolation

Interpolation error does not necessarily 
decrease with the increase of r. Grid 
Spacing must be smaller than wavelength.

pFFTpFFT Algorithm:Algorithm:
Interpolation MatrixInterpolation Matrix
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pFFTpFFT Algorithm:Algorithm:
Interpolation MatrixInterpolation Matrix
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Operations: 9Operations: 9NNbb Memory: 9Memory: 9NNbb
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pFFTpFFT Algorithm:Algorithm:
Outer Differential OperatorOuter Differential Operator
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If the kernel has a differential operator outside:

The operator works on the interpolation

pFFTpFFT Algorithm:Algorithm:
Projection MatrixProjection Matrix

),()1(
EsE rrG

vv
=φ

g
t

g
i

EiigE rrG φρρφ )(),(,
)2( == ∑ vv

gρ charge grid find

Assume a unit charge at point S
E

s

)2()1(such that EE φφ =

pFFTpFFT Algorithm:Algorithm:
Projection MatrixProjection Matrix

g
t

g
i

EiigE rrG φρρφ )(),(,
)2( == ∑ vv

k
k

kE crfrrG ∑= )(),(
vvv

match both sides at grid point ir
v

Expand the Green’s function
E

s gFc φ1−=

gs
t

EsE FrfrrG φφ 1)1( )(),( −== vvv

[ ] 1)()( −= Frf s
tt

g
v

ρ



3

pFFTpFFT Algorithm:Algorithm:
Projection MatrixProjection Matrix

)r(bj
von distributi a

 is charge  theIf

[ ] 1)( )()()( −

∆
∫= FrfrdSb t

j
tj

g
b
j

vvρ

[ ] 1)()( −= Frf s
tt

g
v

ρ

For unit point charge
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For multiple panels:
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pFFTpFFT Algorithm:Algorithm:
Inner Differential OperatorInner Differential Operator
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If the kernel has a differential operator inside:

The operator works on the projection

pFFTpFFT Algorithm:Algorithm:
Duality of [Duality of [II] and [] and [PP]]
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pFFTpFFT Algorithm:Algorithm:
Summary of Summary of PP and and II
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pFFTpFFT Algorithm:Algorithm:
Summary of Summary of PP and and II
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Both matrices are independent 
of the Green’s function

For a general kernel

The interaction is
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Implementation:Implementation:
How to Fill the Interpolation MatrixHow to Fill the Interpolation Matrix
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• Row index = panel index
• Column index = index of interpolation 

grid for the panel

Implementation:Implementation:
How to Fill the Projection MatrixHow to Fill the Projection Matrix

• Column index = panel index
• Row index = index of interpolation 

grid for the panel
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•• See See interpMat.ccinterpMat.cc
•• See See projectMat.ccprojectMat.cc

Implementation:Implementation:
Source codesSource codes

Numerical ExperimentsNumerical Experiments

Let x be a random vector
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On the surface of a sphere with radius R

Numerical Experiments:Numerical Experiments:
Error vs. polynomial orderError vs. polynomial order

6.5e6.5e--662.8e2.8e--441.4e1.4e--22kRkR = 11.1= 11.1

4.0e4.0e--771.1e1.1e--554.9e4.9e--44kRkR = 11.1= 11.1

5.9e5.9e--777.5e7.5e--556.0e6.0e--33kRkR = 1.1e= 1.1e--99

1.7e1.7e--991.3e1.3e--668.3e8.3e--55kRkR = 1.1e= 1.1e--99

8.4e8.4e--771.1e1.1e--448.5e8.5e--33

4.3e4.3e--991.3e1.3e--668.4e8.4e--55
PP = 7= 7PP = 5= 5PP = 3= 3
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setup time vs. polynomial order setup time vs. polynomial order 
(seconds)(seconds)

967.58967.58226.89226.8947.9947.99kRkR = 11.1= 11.1

1082.361082.36242.65242.6553.0653.06kRkR = 11.1= 11.1

971.32971.32229.02229.0247.8047.80kRkR = 1.1e= 1.1e--99

1022.051022.05249.01249.0155.6655.66kRkR = 1.1e= 1.1e--99

326.47326.4745.9645.964.284.28

305.61305.6139.4839.483.763.76
PP = 7= 7PP = 5= 5PP = 3= 3
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Memory usage vs. polynomial order Memory usage vs. polynomial order 
(Mb)(Mb)

114.5114.547.347.316.0416.04kRkR = 11.1= 11.1

114.5114.547.347.316.0416.04kRkR = 11.1= 11.1

114.5114.547.347.316.0416.04kRkR = 1.1e= 1.1e--99

114.5114.547.347.316.0416.04kRkR = 1.1e= 1.1e--99

87.9487.9435.1835.1810.7510.75

87.9487.9435.1835.1810.7510.75
PP = 7= 7PP = 5= 5PP = 3= 3
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Matrix vector product time Matrix vector product time 
vs. polynomial ordervs. polynomial order

0.630.630.320.320.190.19kRkR = 11.1= 11.1

0.630.630.320.320.190.19kRkR = 11.1= 11.1

0.640.640.330.330.200.20kRkR = 1.1e= 1.1e--99

0.640.640.330.330.200.20kRkR = 1.1e= 1.1e--99

0.170.170.110.110.070.07

0.170.170.110.110.070.07
PP = 7= 7PP = 5= 5PP = 3= 3
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•• pFFTpFFT++ is excellent for 4++ is excellent for 4--5 5 
digit accuracydigit accuracy

•• Use with precaution for higher Use with precaution for higher 
accuracy levelaccuracy level

Moral of the storyMoral of the story

•• Loss of Accuracy in doubleLoss of Accuracy in double--
layer potentiallayer potential

•• Compact projection and Compact projection and 
interpolation stencilinterpolation stencil

Next LectureNext Lecture


