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Abstract equations [18, 19, 20]. A general form for these integral equations is

This paper describes an efficient algorithm to solve integral equations /SdSK(r’,?)p(r’) =1, Fes @

with complicated kernels. The algorithm can handle both piece-wise ) . .

constant and high-order elements in the collocation method and the GaleMtfge f (7) is a known function, usually related to the known right hand

method. A general and extensible fast integral equation solver has beergide term in the original partial differential equation, &gt”’,) could

developed using the c++ generic programming technique. Numerical ex-be the commonly used single-layer kernel, double-layer kernel or other

periments show that the memory usage and CPU time of the fast solvefmore complicated kernels. For mixed boundary condition, we might

is nearlyO(N) for various kernels. even have two kernels in equation (1). But this will not change the nature
of the problem and the method in this paper. So we focus on the single
kernel integral equation only. An abstract form of this kernel is

1. Introduction o . K(F.7) = Fi(R(G(. 7)) 2)

Integral equation methods have been used in applications as diverse as .

parasitic parameter extraction of integrated circuit interconnects and packvhereG(r’,F) is the Green'’s function for the partial differential equation,

ages [1, 2], antenna characterization and radar cross section calculaand the possible options for operathy(-) and #»(-) are

tion [3, 4], computation of the molecular electric potential [5, 6], com-

putational aerodynamics [7, 8], computational fluid dynamics [9]. F1(-)=U("), d() d() d() do) ) (3)
dx(F)’ dy(F)’ dz)’ dn(r)’

Even though numerous fast algorithms already exist for efficiently solv-

d
ing the integral equations, such as Fast Multipole Method (FMM) [10, an
11, 12, 13], hirarchical SVD [14], panel clustering method [15] and the Fo() =U (), d(;) _ d(;) 7 d(? ‘ d(') 7 @)
pre-corrected FFT (pFFT) algorithm [16], the practical implementation dx(r’) dy(r') dzr’) dn(r")

of such methods may still seem daunting to researchers and engineersdndu(_) is the identity operator
who are most often not specialists in fast integral equation solvers. As P :
a result many existing codes still use the traditional dense matrix ap-
proaches, which nee®(N?) memory and at leasD(N?) CPU time.
One of the objects of this work is to provide a flexible and extensible
code to the public domain so that the researchers can easily accelerat§
their codes. Hence we want to use an algorithm that is flexible enough
to handle the integral kernels commonly used in the above mentioned
engineering applications.

The standard procedure to solve equation (1) numerically is to discretize
it by means of projection [15] and solve the resultant linear system with
n iterative method [21, 22], such as GMRES [23]. Kdie the infinite-
imensional functional space in which the exact solution of equation (1)
lies, and assume th&, C X andT, C X are its subspaces with spans
{bj(1),j=1,2,...,n} and{tj(T),i = 1,2,...,n}, wherenis the dimension

of both subspaces. In general, the solution of the equation (1) is not in

Though not as good as FMM'’s more than ten digit accuracy, pFFT's four subspac,. Therefore, the approximate solution

to five digit accuracy is good enough for most engineering applications, n

where the accuracy requirement is usually modest. More importantly, pn(F) = 3 ajb;(F) € Bn (5)
the pFFT method is almost kernel-independent. For example, it could =1

easily handle both Helmholtz kernel and Laplace kernel and their closegenerates an error

relatives in a unified framework. This makes it a particularly good algo-

rithm for our fast solver. en(F) = /SdSK(rﬂ’,r)pn(rﬂ’)f f(F)=@F) —f(F), FeS  (6)

and the unknown expansion coefficientscould be computed by en-
2. Mathematical Preliminaries forcing the projection of the error inf§, to vanish, i.e.,
The integral equation method is a well studied subject [17, 15]. Itis ) . s _n i
well-known that a large class of linear partial differential equations with (), en(F) >=<t(r), @1 > = <(1), (1) >=0, I=1,2,...,n (7)
appropriate boundary conditions could be casted into equivalent integralor

n
*This work was sponsored by the Semiconductor Research Corporation, z aj /t dSt(?)/deK(r’,F')b,- (ry= /‘ dst(r)f(r), i=12,...,n,
the NSF program in computer-aided design, and grants from Synopsys, j=t /4 4 4
Compagq and Intel. (8)




Figure 1: A piece-wise constant basis function, shaded area is its

support

Figure 2: A piece-wise linear basis function associated with the ver-
tex V, where the shaded area is its support

where Al andA'}’ are the support of the basis functigr) andbj(r),
respectively. In matrix, equation (8) becomes

No=f ©)

where

A= [ dsi®) [ asK(. () 10)
I\ ab

The commonly used basis functionsBq or T, are low-order polyno-

mials with local support [15]. Figure 1 shows a piece-wise constant

basis function whose support is a panel. Figure 2 shows a vertex-base

piece-wise linear basis function whose support is the union of a cluster

of panels sharing the vertex with which the basis function is associated.

When thdth testing function is; (F) = 8(F —r¢; ), whererc is the collo-
cation point, the discretization method is called the collocation method.
And whenB, = Ty, the discretization method is called the Galerkin's
method.

3. Philosophical Preliminaries

Since forming matriXA and computing the matrix vector product in (9)
all require O(N?) arithmetic operations, it is obvious that using an it-
erative method to solve equation (9) needs at Iéastz) time, where

N is the size of the matribA. This could be very expensive for large
N. Many fast algorithms avoid forming matrik explicitly and com-
pute the matrix vector product approximately, which only ne@ds)

or O(Nlog(N)) operations [11, 24, 25].

The Pre-corrected FFT (pFFT) algorithm was originally proposed in [16,

computation into far-field part and near-field part. The far-field potential
is computed by using the grid charges on a uniform 3D grid to repre-
sent charges on the panels. The near-field potential is compute directly.
The algorithm has four steps: Projection, Convolution, Interpolation and
Nearby interaction. The effect of this algorithm is to replace the matrix
vector producfa in equation (9) with D+ IHP)a, whereD is the direct
matrix that represents the nearby interactibis the interpolation ma-
trix, H is the convolution matrix, and is the projection matrix. Matrices

D, | andP are sparse, hence their memory usage(ip), whereNp is

the number of panels, and their product with a vector needs@fi)
work. The matrixH is a multilevel Toeplitz matrix. Hence its memory
usage i$D(Ng) and its product with a vector could be computed by using
FFT in O(Nglog(Ng)) operations [26], wher&ly is the number of grid
points. Therefore, the overall computational complexity@ft+ IHP)or

is O(Np) + O(Nglog(Ng)). For some problems, usually small or medium
sized onesNg might be larger. Hence the computational complexity is
O(Nglog(Ng)). For other problems, usually large-sized ones, the com-
putational complexity is nearl@(Np).

Unlike [16, 25], we use polynomials in both interpolation and projec-
tion steps. Hence the interpolation matriand projection matri¥ are
completely independent of the Green'’s functis(t, F/) in equation (2).

This makes it much easier to handle the complicated keméﬂ’s?) in

(2). It also makes it straight forward to treat piecewise constant basis and
high-order basis in either collocation or Galerkin’s method in a unified
framework. This is particularly important from implementation point of
view.

4. Pre-corrected FFT algorithm

In this section, we will use a simple 2D example to show how to generate
the four matrices|!], [P], [H] and[D]. Generalization of the procedure to
the 3D cases is straight forward. The algorithm presented here is general
enough such that the general integral operator in equation (1) discretized
either by the collocation method or by the Galerkin’s method using either
piece-wise constant element or high-order element could be handled in
a unified framework.

4.1 Interpolation matrix
We start with the interpolation, the third and the easiest step in the four-
step pFFT algorithm.

Suppose the potential on the uniform grids has been computed through
he first two steps, namely the projection and the convolution, we could
se a simple polynomial interpolation scheme to compute the potential

at any point within the region covered by the grids. Figure 3 shows a

2D 3 x 3 uniform grid (called interpolation stencil in this paper), more

points could be used to get more accurate results. The triangle inside
the grid represents the local suppaftin equation (8). The simplest

set of polynomial functions for the interpolationfig(x,y) = Xyl i, j =

0,1,2,k = 2i + j. The potential at any point can be written as a linear

combination of these polynomials,

oxy) = %Ck fuxy) = f{(x y)& (11)

wherec'is a column vector antistands for transpose. Matchiggx,y)
in (11) with the given potential at each grid point results in a set of linear
equations. In matrix form, it is

Fle= @y
where thej-th row of the matrix[F] is the set of polynomiald (x,y)

evaluated at thgth grid point(x;j,y;), andqy j is the given potential at
point (xj,yj). Solving forc and substituting it back into (11) yields

(12)

25], where the detailed steps to accelerate a single-layer integral opera-

tor were shown. The basic idea of pFFT is to separate the potential

oF) = @(x.y) = fL(x.Y)[F] gy = Dh(F)@y (13)



It should be noted that matrif] in (12) is only related to the distance
between points in the uniform grid and the specific set of interpolation
polynomials chosen in the algorithm. So the inverse of mdfixis
done only once. And since the size of the matrix is rather sr@allqin

this simple 2D case), computing its inverse is inexpensive. It is possible
that the number of polynomials is not equal to the number of points in

the interpolation grid. In this case the inverse becomes psuedo inverse,

which is computed using the singular value decomposition (SVD) [22].

It easily follows that the derivative of the potential at a paintith re-
spect toa is

d d

r —
90 _ & IF g = Bhay (14)
wherea stands fox ory. Hence the gradient of the potentialras
OQ(F) = (RO} (F) + 9D}, (1) ¢y (15)
and the normal derivative of the potential at paimns
do(i) _ . _df(®) | dfi([)
T O(r) = (nx dx + dy )F (ﬂ(pg (16)

whereny andny are the projection of the unit normal vector of the func-
tion suppon‘A} alongx andy direction. Using the notation in (3), equa-
tions (13), (14) and (16) could be written as

Fa(@(7) = Dp(M gy (17)
Whereﬁa(ﬂ stands foiD}(7), D (), DY(T) or D (F).
As described in sectioR?, we want to compute
Y = /A ASA(QF(P), i =1,2,.,N. (18)

whereN; is the number of testing basis functions. Substituting (17) into
(18) yields

Wi = [ dSiOBh (e = W' e, i=12..N,  (19)

WhereVT/éi) stands for\/\_/éi), W VT/}” andW\". I the collocation

method is used, the\ﬁléi) in equation (19) could be simplified as

\/T/éw = D_B(XC,yC)7 i= 1727"7NT7

where(xc, Yc) is the collocation point.

(20)

When the piece-wise constant testing function is used, the supbort
is the panel associated with it, as shown in figure 1. When the linear
testing function is used&t is a cluster of panels, as shown in figure 2.

Apparently, computing elements‘vz',\){3 for higher order basis functions

could be more expensive because integrating over a cluster of panels

needs more quadrature points than integrating over a single panel.

In matrix format, equation (19) becomes
Y =[l]qy (21)

where[l] is anN; x Ng matrix, andNg is the number of grid points. To
cover the local support of a basis function, only a small number of the
interpolation grid points are needed, as shown in figure 3. More im-
portantly, the potentiap in (6) is a smooth function of when|r — F’\

is large. Hence low-order polynomials in (11) are sufficient to well ap-
proximate the distant interaction. Therefore, computing édhrough
interpolation only involves grid potentials at a few grid points. This im-
plies that each row of the interpolation matflX is rather sparse. The
non-zero elements in theth row of the matrix|l] are just the elements

® 'Aﬁ

Figure 3: 2-D pictorial representation of the interpolation step, the
interpolation stencil size is 3

of the row vector(VT/éi))t in (19) or (20). And the number of nonzeros’s
is equal to the interpolation stencil size.

4.2 Projection matrix

Figure 4 shows a 2D pictorial representation of the projection step. Sim-
ilar to the previous section, a triangle is used to represent the support
of a basis function. A3 x 3 projection grid (called projection stencil in
this paper) is assumed here and obviously more points could be used if
higher accuracy is desired.

We start with a point chargey, at pointS on the triangle, shown in figure
4. The potential at poirE due to this point charge is

(P(El> = PpG(Ts,TE). (22)

The purpose of the projection is to find a set of grid chamesn the
projection grid points such that they generate the same potential at point
E,i.e.,

=3 pgiG(i,Te) = (pg)' @y = ¢t (23)

whereqyj = G(Tj,Te). We could use the same set of polynomials in (11)
to expand the Green’s function
G(r.Te) = ¥ flMox= ft (24)
Matching both sides at each grid poiiyields a linear system
[FIC= @y, (25)

whereF is same as that in (12). Substituting the solutiea F — 1(pg into
(24) and evaluating it at poir8 yields

G(Fs.Te) = f(Fo)F 'qy. (26)
In light of (22) and (23) we have
(Pg)' = Ppf'(Fs)F 1, 27

the projection charges for a point charge.

A charge distributiorb; (T) on the jth basis function support could be
regarded as a linear combination of an infinite number of point charges.
Equation (27) implies that the projection charges are linearly propor-
tional to the point charge, hence it easily follows that the projection
charges for the charge distribution(r) is

(/dsqr_t ) 1

(28)



If the piece-wise constant basis function is used, equation (28) becomes

_ 3 -
_ (/A?de (r)) F]-L (29) £

We usually have to use more than one basis function in the approximate
solution, as implied by equation (5). In this case, the total charge on
each grid point is the accumulation of the grid charge due to each basis
function. Assuming there aié, basis functions anbly grid points, the
relation between the total grid charg@g and the magnitude of basis
functionsa in (5) is

S R
Q=Y ajpg’ =[Pl (30) ® .EI
=1
where[P] is anNg x Np matrix. Due to the locality of the basis support

P . , I I
the projection grid for each basis function has only a small number of
points. And similar to interpolation matrix, the Green’s function in (24)

is a smooth function of when|r —TFg| is large. Hence low-order poly-
nomials in (24) are sufficient to approximate it well. This implies that
each column of the projection matrjR] is rather sparse. The non-zero
elements in thg-th column of matriXP] are the elements of the column  Figure 4: 2-D pictorial representation of the projection step, the pro-
vectorﬁg) in equation (28) or (29). And the number of nonzero’s is jection stencil size is 3

equal to the projection stencil size.

If the kernel has a differential operator inside the integral, the potential of uniform grid, we have
at pointE due to a point charge is -
Hij = G(r'i,Tj) = G(Ti,Tj) = G(Fi =T, 0). 37)

1y _ 0 Tt
e = m[ppG(?st)} 5l3( )[ppf (Fs)F~ (Pg] (31) Matrix H is a multilevel Toeplitz matrix [26]. The number of levels is
2 and 3 for 2D cases and 3D cases, respectively. It is well-known that

wheref stands fox, y orn. We again wantto find asetof grid charggs ~  the storage of a Toeplitz matrix only nee@éN) memory and a Toeplitz
on the projection grid points such that they generate the same potentiainatrix vector product can be computed®Nlog(N)) operations using
at pointE, i.e., FFT [26], whereN is the total number of grid points. It should be pointed

2) — 4= (1) out that convolution matrii being a Toeplitz matrix is hinged upon the
@ = > 0piG(Mi.Te) = (0p) ¢y = G- (32) position invariance of the Green’s function. Fortunately most commonly
: used Green’s functions are position invariant.
Equations (31) and (32) imply that the projection charges are

— \t T 4.4 Direct matrix and pre-correction
(o) = <pr (Ts)F~ ) (33) - : . X
0[3( s) Substituting equation (36) and (30) into (21) yields
Similar to the single-layer operator case, the projection charges for a (T [1[H][Pla (38)

charge distributior; (T) on the jth basis function support is
In view of (18), (7) and (9), this implies

@6 = ( / ?dSQ(?)%(?) f“m) Fl (34) A=[HIPL 59

As pointed out in previous three sections, the sparse representation of
matrix A in (39) reduces the memory usage and computing time for ma-
. . . trix vector product dramatically. Unfortunately, the calculations of the
': .t)h_e j-th cqlumn of the matrix are the elements of the column vector ,iantial on the grid using (39) do not accurately approximate the nearby
0,3] in equation (34). interaction. It is proposed in [25] that the nearby interaction should be
computed directly and the inaccurate contributions from the use of grid
4.3 Convolution matrix and fast convolution by should be removed. Figure 5 shows how the nearby neighboring basis
FET supports are defined. The empty circle in middle of the solid dots are the
center of the so-called direct stencil and the stencil size in figure 5 is 5.
The shaded triangle represents the source, and the other empty triangles
represent the targets wheiéin equation (18) is to be evaluated. Only
o . , those triangles within the region covered by the direct stencil are con-
% = D G(r'i.T)Qy; (35) sidered to be nearby neighbors to the source. And the direct interaction
between this list of nearby neighbors and the source i§ystiefined in
(10), where is the index of the shaded triangle representing the source
(Bg - [H]Qg (36) andj € A, the nearby neighbor set for tith source. The pre-corrected

o . o direct matrix element is
where the matriH is the so-call convolution matrix. Since the Green’s

function is position invariant angy andQq are defined on the same set Dij =Aij— (W Wi HURY ), je g (40)

The projection matrix for the kernel with a differential operator is struc-
turely identical to the matriP] in equation (30). The non-zero elements

By definition, the relation between the grid potentﬁglin (21) and grid
chargeQyq in (30) is

In matrix form, it is
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Figure 5: 2-D pictorial representation of the nearby interaction. Di-
rect stencil size is 5.

Table 1: Relation between operator pair and the interpolation ma-
trix and the projection matrix

d d d(-
7 u) [ RW [ @
interpolation | W{" in (19) | W), W in (19) | Wi" in (19)
7 u() . S
projection 5&” in (28) | o, 6§,’> in(34) | oy in (34)

Where(VT/é”)t is defined in equation (199_)(9]) is defined in equation (28)
and (34), andH] is a small convolution matrix (not to be confused
with [H] in (39)) that relates the potential on the grid points around basis
supporrAit and the charge on the grid points around basis supk?oﬂt is
intuitive from figure 5 thatA{ is a very small set. Hence the direct matrix

D is very sparse and the sparsitydfis dependent upon the size of the
direct stencil. Larger stencil size means more neighboring triangles in
figure 5 and hence more computation in (40).

Since matrix{H ] in (40) is rather small, the FFT does not speed up the

computation much. However, there are other ways to reduce the oper-

ation count. Because the grid is uniform and the Green'’s function is
position invariant, only a few matricg$l | are unique. So we could

pre-compute them once and use them to pre-correct all the nearby inter-

actions in the direct matrijD].

4.5 A summary of the four matrices
In view of (38), (39) and (40), the matrix vector product is computed
efficiently using

(Al = ([D]+ [I][H][P])a. (41)

So we have to set up one direct matrix for eaghand %, operator pair.
The convolution matrix, on the other hand, is only related to the Green'’s
function and the location of grid points. It is not relatedfpor %,. So

we only need to set up one convolution matrix for each unique Green’s
function.

In addition, if the Galerkin’s method is used, the basis funchg() in
equation (28) or (34) is identic_al to th_e tes_ting functtc(ff_) in eq_uation
(19). Itis easy to check that\” = pi), Wi’ = 5i), W = &{!) and

W,Si) = 6&”. This implies a duality relation

1] =[P"

4.6 Implementation

Base upon the algorithm described above, we have developed a C++
program called pfft++, using the generic programming technique [27,
28, 29]. The whole algorithm includes two major parts: forming the
four matricesl, P, D andH, and computing the matrix vector product
using (41). Since the matricdsand P are not related to the Green’s
function, they are formed separately so that they could be used for dif-
ferent Green'’s functions. This is particularly useful when for example a
Helmholtz equation is to be solved at various wave numbers or frequen-
cies. Algorithms 1, 2 and 3 are high level description of the implemen-
tation of the pfft++.

(42)

Algorithm 1: construct Green'’s function Independent sparse
matrices.

Input: discretization, differential operator pairs

(71, F2) , interpolation stencil size , projection sten-

cil size , direct stencil size

Output: interpolation matrixI] and projection ma-

trix [P]
(2) find the optimal grid size
(2 setup grid and element association
3) setup interpolation stencil
(4) setup projection stencil
(5) setup direct stencil
(6) form the interpolation matri{l] for each
h
@) form the projection matriiP] for each,
Algorithm 2: construct Green’s function dependent sparse

matrices.
Input: discretization, Green’s function, differential
operator pairsf1, )
Output: direct matrix[D] and convolution matrixi

) form the sparse representationidf
2) compute the FFT gH]
3) form the direct matriXD] for each pair of

(F1, F2)

Using pfft++ to solve a single kernel integral equation such as (1) is
straight forward. We could simply treat pfft++ as a black box that could
perform the matrix vector product efficiently. After forming the four ma-
trices by calling algorithms 1 and 2, algorithm 3 is to be called repeatedly
in the inner loop of an iterative solver. To solve the integral equations
with multiple kernels, we could simply repeat the above procedure for

Sections 4.1 and 4.2 are summarized in table 1. It is clear by now thateach integral operator individually.

the interpolation matriXl ] and the projection matrijP] are independent
of the Green’s function. Matri{ ] is only related to the operatdf and
the testing functions. And matrifP] is only related to the operatdf,
and the basis functions.

The direct matrix, however, is dependent upon all the above information.

4.7 Comparison to the original pFFT algorithm

The basic sparsification ideas in this paper are very similar to those in
the original pre-corrected FFT algorithm [16]. The difference lies pri-
marily in the ways the interpolation matrix and the projection matrix are
generated. And this difference turns out to be important.



Algorithm 3: compute matrix vector product.

Input: vector x, differential operator paitf, %) Table 2: Relative error in (44) for different projection and interpo-
Output: vectory lation stencil sizes and different kernels
1) find the indexn of [I] from F1
) find the indexm of [P] from ¥, . p=3 | p=5 | p=7
3) find the indexk of [D] from operator pair T 84e—5| 13e—6 | 43e—9
(F1, P) _J%% 85e—3 | 1le—4 [ 84e—7
(4) y1= [Pmlx €. kR=11le-9 |83e-5|13e—6|17e-9
% o [frj}t;(/zl) [ 29 «R=111e-9 | 6.0e—3 | 7.5e—5 | 5.9e—7
) yo = if ft(y2) & kR=111 49e—4 | 1.1e—5 | 40e—7
®  y3=[2 20 \R=111 l4e—2 | 28¢—4 | 65e—6

9) y = y3+ [Dyx

o ) ) Table 3: CPU time for forming |, P, D and H matrices in (41) for
In the original pFFT algorithm [16, 25], the local collocation scheme gitferent projection and interpolation stencil sizes and different ker-
is used to construct the projection matrix and the interpolation matrix nels ynitis second

is considered as the dual of the projection matrix. Hence both matri-

ces are related to the Green'’s function or kernel. If one wants to solve p=3| p=5 p=7
a Helmholtz equation Wit.h different wave numbers or at different fre- % 376 | 3948 | 30561
quencies, these two matrices have to be re-generated for each frequency. 91 428 | 4593 | 32647
As explained in section 4.6, the interpolation matrix and the projection ——g}},r ' -
matrix are only generated once in pfft++. T'klr‘R: 111e-9 55.66 | 24901 | 102205
287 KkR=11le—9 | 47.80 | 22902 | 97132
in me ﬁrigin:lall pEF'rI; falglor(ijthrnt,hthef(f:ont\/o]!L:Eon mat;;< iiﬂirectly rellated éTk" KR=111 53.06 | 24265 | 108236
o the kernel, which includes the effect of the operdfgr The convolu- 2 Lo
tion matrix in this work is directly related to the Green’s function, not the on 1’ kR=111 47.99 | 22689 | 967.58
operatorf,. To see why this difference is important, suppose we want
to compute the double-layer integral
- 0G(T, ) - When the kernels are Laplace kernel and its normal derivative, the radius
/s r an(F’) (r’). of the sphere iR = 1m. When the kernels are Helmholtz kernel and its

_ o _ _ _ normal derivative, the radius of the spher&is- 5.3cmso that the size
Using the original pFFT algorithm, it has to be done as the following  of the panels is smaller than one tenth of a wave length at 10GHz. Us-
- - - ing increasingly larger stencil size in projection and interpolation, the
/dF’[nX 9G(r,r') + 9G(r.r') +n 9G(T, rl)] (F/), (43) accuracy is expected to increase. Table 2 clearly shows that this expecta-
S

=

= = 4
ox(r’) oy(r’) oz(r’) tion has been met, whegestands for the stencil size of both projection

. . . and interpolation. For instance,= 3 means that & x 3 x 3 3D grid
This 5999‘3?5 tlggt thre‘;aGconvolutlon matrifidg, [Hy] and[H;| corre is used as the projection and the interpolation stencil. With the increase
sponding tog2, 57 and; have to be generated and foreward FFT has  of the stencil size, the computational resource is expected to increase as
to be performed for each of them. For each operation of the double-well. This is shown in table 3, 4 and 5. The CPU time and memory
layer integral operatoriHx]p, [Hy]p and [Hz]p have to be carried out  usage increase significantly with the increase of the stencil size. In par-
separately. As shown in section 4.3, pfft++ only needs one convolution ticular, the setup time of pfft++ increases by 4 to 10 times when stencil
matrix and hence only one convolution will be carried out in the matrix sjze increases from 3 to 5 or from 5 to 7. Though we only show data
vector product step. This is a significant reduction in memory usage andfor a medium size problem here, from our numerical experiments, the

CPU time. observation is also true for large examples. Foutunately, almost all en-
gineering problems only require modest accuracy, 3 to 4 digits. At this
5. Numerical Results level of accuracy, the computational cost of pfft++ is very reasonable.

i i i i ++
Base upon the algorithm described in section 4, we have developed pfft Figure 6 shows the CPU time versus problem size for different kernels.

a flexible and extensible fast integral equation solver. The program Lo ; . I
9 9 prog The projection and the interpolation stencil size is 3 for all these cases.

pfft++ has been tested using random distributions on the surface of alt' lear that the CPU ti | i v with th bl .
sphere. After discretizing the surface, the integral operator in equation IS clear that the ime grows aimost inearly wi € problem size
for all types of kernels. Though not shown here in plot, the memory

(1) is turned into either the dense matf#{ in (9) or the sparse matrix f offtat al i v with th bl ;
representation in (41). We assume a random vextand compute the usage otp also grows finearly wi € problem size.

matrix vector product in (9) directly ag = [Ala. We then compute the
matrix vector product using pfft++ ag = pf ft(a). The relative error

in the pFFT approximation is 6. Conclusions

This paper extends a recently developed pFFT algorithm to more gen-
ziNzl(le fyzﬂi)z 12 44 eral integral equations. Due to the introduction of polynomials in both
W) ) (44) interpolation and projection steps, pFFT now could handle complex ker-

=174, nels under a unified framework. It could also easily handle high-order
elements as well as the discretization using Galerkin’s method. A public-
We first use a medium size example to demonstrate the trade-off betweemomain C++ code called pfft++ has been developed. Numerical results
accuracy and CPU time and memory usage. We carried out the numeri-of large examples show that the memory usage and CPU time of the
cal experiment described above on a sphere discretized with 4800 panelpfft++ are nearlyO(N).

error = (



Table 4: CPU time for doing one matrix vector product for different
projection and interpolation stencil sizes and different kernels, unit
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