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w Mathematical Preliminaries
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A simpleintegral equation.
CHSK(F,F9r (F9=f(F), 1 S

1 eik\r-m
r-r¢  |r-r
r-r¢ r-r¢

Proj ect the solution on a functional space:

K(F,FQ =

r(F9=8a,b,(r9, B, =span(b,(r9)



w Mathematical Preliminaries
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Residual:

e, (F) = (PISK (7, F9r ,(FY- f ()

Enforcetheresdual to be orthogonal to
another functional space:

(t;(r),e,(r)) =0, T, =span(t;(F))

A denselinear system: Aa = f



Some very useful applications
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Electrostatic analysis Magneto-quasi-static analysis

to computethe to compute impedance
capacitance




wSome very useful applications
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Computational Stokes Flow Solver
Aerodynamics Viscous drag
Gimbal
M{rror
"l
Picture thanks to David Picturethanksto

Joe Willis Xin Wang



%ntroduction to lterative Solvers
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A simpleiterative solver:

Solve AX =D

step 1: guess an initial solution x,, letk =0
step 2: compute theresidual r =b- Ax,

step 3: find an update ax from r

step 4: update the solution X, ,, = X, +aX
step 5. k =k +1, goto step 2



w Fast Matrix-Vector Product

The most expensive step:

AX

Goal:

O(N°) P O(N) or O(Nlog(N))



w Well-known Fast Algorithms
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 Fast Multiple Method
 Hierarchical SVD
 Panel Clustering Method

Key idea:
Interaction matrix islow rank



wernel “Independent” Technique
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Basic requirements:
Reciprocity: G(r,r9 =G(re¢r)
Shift invariance: G(r +ar,ré+ar) =G(r,rg

Commonly used Green’sfunction all satisfy
these requirements

1 eik\r-r¢ q 1 q eik\r-m
r-r¢ |r-r¢ qn (\r- r‘¢)’ n (\r- r¢)
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« Background
e Pre-corrected FFT Algorithm

e Unit testing results
o Surface Integral Formulation
« Numerical Results



w FFT-based Method
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Key idea: kerne isshift-invariant
G(F,Fr) =G(r - r¢0) = G(r - 19

A simple example:

[ T [ T T T T [ ]
CHSG(r,r9r (rg=f(r), rl S

Ha="f



w FFT-based Method
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| f collocation method with constant basisis used
= O dSG(r - 1Y

]

panel;
OnlyH,; (j =12,...,N) areunique. H isa Toeplitz
matrix. Matrix vector product could be computed
using FFT in O(Nlog(N)) time.

Operations: O(Nlog(N)) Memory: O(N)



weparation of Reqgular Grid From

UNC Seminar Discretization Panels
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w pFFT Algorithm:
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(1) Project: Q, =[Pl
[ .\(1) /O 9 L J B B
| | /%\. | . (2) Convalve: f ; = [H]Qg
*(4) 2) _ _
‘ (3) Interpolate: Y :[I]fg
(4) Direct: Y, =D&

Y =Y, +Y,=(D]+[1][H]P)a



w pFFT Algorithm:
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A sparse representation
of the system matrix

[Aly, n, =[DIn, n, [, n, [HIn, n, [Pl n,
O(N,")  O(N,) O(N,) O(N,log(N)) O(N,)
O(N,")  O(N,) O(N,)  O(Ny)  O(N,)



w pFFT Algorithm:

UNC Seminar Interpolation Matrix

Given f ;
AN Compute f (X, y)




PFFT Algorithm:
Interpolation Matrix

f(xy)=a cf(xy) =f(xyT

Anexampleof f (X, Y):

1% X2, V, XY, Xzy’ yz’ Xyz, x2y2



w pFFT Algorithm:

UNC Seminar Interpolation Matrix
eclu
f(xy)=[Hy) L0y - fxyEin=Fixy)c
@%H

?c l,J ef (LY L0 Y) e fo(X, y1)UeClu
—_dozg 20 ef R y2> - [Flc
e : . .

I\

9

e e C

U ef (%1 Ye) To(X%¥e) - To(X, yg)ueUéC9

f(xy)=T'(xy[F]'f,



w pFFT Algorithm:
Interpolation Matrix
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Y, ={t(r),f (N)=§S (r) ' (N)[F]'f, =W'f,
Dti

é i 0
giu ¢ 0 g1
V=vd=ge W w et o=[IF,
I 6 000

8§

Operations: 9N, Memory: 9N,



w pFFT Algorithm:

UNC Seminar Outer Differential Operator

If the kernel hasa differential operator outside:
o )(yIS(G(r ,For (rg
The operator workson the interpolation

)| |
ﬂn(r)f(r) in(r) (r)Flf

_ A IO | I . P
_[?dsi(r)ﬂn(r_)f (M| F]



w pFFT Algorithm:

UNC Seminar Projection Matrix

Assume a unit chargeat point S
fe) =G(r, )

E o

find grid charge 1

f&=ar,6(,r) =(r)f,

such thatf & =f



w pFFT Algorithm:

UNC Seminar Projection Matrix

Expand the Green’s function

G(T,T) :ék f, (F)C,
match both sides at grid point 1;
*s C=F'f,

E o

fel =G(r,fe) = f (LF T,

g

f&=ar,6(.r) =(r)f,




w pFFT Algorithm:

UNC Seminar Projection Matrix

For unit point charge

[ () = F (E)[F]"

e If thechargeis
11 adistribution b, (1)

(FOY = o, (N F(r)[F]”
D



w pFFT Algorithm:

UNC Seminar Projection Matrix

For multiple panels.

r(r)=aabr)
J

A

(FP) = S, (NTFHM[F]

-t

N,
— o _ .
Qg = a. a‘j(r é]))t
1

j:




w pFFT Algorithm:

UNC Seminar Projection Matrix

Np
— o _ -
Qg = a. a‘j(r éj))t
1

j:

0 :0

S Ui

& 0 € o, :Ua g
Qg &8 e e d g
Q,=¢e:u=% i Ye:rd=[Pla

0. .- <. c) be 0

oot 20 Ty o HEKC

E:H g: o0 ‘n€: H

Operations: 9N, Memory: 9N,



w pFFT Algorithm:

UNC Seminar Inner Differential Operator

If the kernel has a differential operator inside:
. d I
OjS¢dn(F<9 G(r,rr (r¢

S

The operator works on the projection
d ¢oyo d

—

dn(r) E ~dn(r)

qﬁo (r)d el (M[F]



w pFFT Algorithm:

UNG Seminar Duality of [I] and [P]
ith row of [I]: s, () fH(n)[F]*
B
jth column of [P]: b, (r)f_t(F)[F]'1
Dt}

if t,(r)=b,(F), orT,=B,, then

p=1'



w pFFT Algorithm:

UNC Seminar Convolution Matrix

"A” fo,=a Grér)Q,,
¢ 0/ I\. ® ® i
‘() N f g — [H ]Qg
[ @ 9 Q\%‘/Q
P




w pFFT Algorithm:

UNC Seminar Convolution Matrix

Regular grid and position invariance
1:g,j = a. G(ﬁq; ITJ)Qg|
Fast convolution by FFT in O(Nlog(N)) time
Hi,j =G(r¢ rj)
OnlyH,; ( =12,...,N,) areunique

Operations: O(N,log(N,)) Memory: O(N,)



PFFT Algorithm:
Direct Matrix

Summary of thefirst three steps.

19, =[Pk
i1 =HQ, == v =[ITH]PR
LY =[,



w pFFT Algorithm:

UNC Seminar Direct Matrix

ix: D, =A, - (Wm)t[H ("”]r_S”

INIRE

Operations: O(N,) Memory: O(N,)



w pFFT Algorithm:

UNC Seminar Four sparse matrices

Y =[A» (D]+[1[H]P)a

 Projection:

Operations: O(N,,) Memory: O(N,)
e Convolution:

Operations: O(Nylog(N,)) Memory: O(N,)
e Interpolation:

Operations: O(N,) Memory: O(N,)
 Nearby interaction:

Operations: O(N,) Memory: O(N,)
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o Surface Integral Formulation
« Numerical Results




w Unit testing
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On the surface of a spherewith radius R

HISK (7, rgr (r§ b Ax

Let x bearandom vector

Y, = AX
Y, = pfft(x
orror = Vel

%



w Single-Layer Kernel
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w Single-Layer Kernel

wmecsemnar  ACCUracy (4-5 digits), R/l =1e6
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w Single-Layer Kernel

wmcsemnar  ACCUracy (4-5 digits), R/l =1e2
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w Double-Layer Kernel
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relative error
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w Double-Layer Kernel

ucsemnar  ACcCUracy (2-3 digits ), R/l =1e-6

relative error
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w Double-Layer Kernel

umesemnar  ACcCUracy (2-3 digits ), R/l =1e2

relative error
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i/mMatrix vector product time O(N)
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w Memory O(N)
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e Numerical Results



im Summary of the

UNC Seminar Surface Integral Formulation

MF9 n(r9 |

TE(FY  G,(F,T9
n(ry  In(ry

QUrG, (rér)r (rg =ef (r) ri s

E(F) = Q dS¢G, (r,r ¢

EF®)+Nf(r) 7l S

N-E(f)=0 ~<g=== | Current Conservation

f(r)=c, Tl contact



System Matrix Structure
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Pre-conditioner
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e Unit testing results

o Surface Integral Formulation
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A Ring Example
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Picture thanks to Junfeng Wang

Cross-section: 0.5x0.5 mm?
Radius: 10 mm



w A Ring Example
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1Dﬂ : ' ' o e S
[+ FastHenry 960 =
|oFastHenry3340 | — -
= 1' * FastHenry 15360
5 10 f - Surface 992 o
- { -- DC Analytical formulae i
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w A Ring Example
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A Spiral Example
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Picture thanks to Junfeng Wang

Cross-section: 0.5x0.5 mm?
Inner Radius: 10 mm
Spacing: 0.5 mm
Number of turns: 2



w A Spiral Example
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0 FastHenry 7680
10°  + FastHenry 1920 |
:ZZ _ Surface 488 ZZZZZ.éiiiZZZZZZZ.ZZZI;ZZZZZZ;;ZIZZIZ;ZZZZZ:ZZZIZZIZZZZZZIZ':::.ZZZZ;ZZIZZI;ZZ:

Resistance (Ohm)

10 10° 10° 10° 10° 10"

Frequency(Hz)
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A Spiral Example

Inductance (nH)

180 . !

EE e & @
e — T . T S

. + 4
170 bed
165_ .................................
1604 o FastHenry 7680 ..................
155 + FaStHenry 1920 ..................................................................................

- Surface 488
150 - . . ,
10° 10* 10° 10 10"

Frequency(Hz)



w A Shorted Transmission Line
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Impedance (ohm)

1.5

"|||"H'Ill'll"ll"'"+

L]

e ——

Frequency(Hz)

+ Without Ground
- With Ground

x 1011



A Spiral Over Ground
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4-turn spiral over substrate 15162 panels

69 minutes, 348 Mb

EMQS. 121k unknowns, 93minutes, 379 Mb

MQS. 106k unknowns




conductor bus

E
S
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10 conductors each layer 12540 panels

MQS. 87.5k unknowns, 41 minutes, 165 Mb

3 layer

EMQS:. 100k unknowns, 61 minutes, 218 Mb
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w Conclusions

UNC Seminar

 Pre-corrected FFT algorithm
 Performance of the algorithm
e A surface integral formulation
« Numerical results



