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Mathematical PreliminariesMathematical Preliminaries
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A simple integral equation:A simple integral equation:
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Enforce the residual to be orthogonal toEnforce the residual to be orthogonal to
another functional space:another functional space:

fA =αA dense linear system:A dense linear system:
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Some very useful applicationsSome very useful applications

Figures thank to Figures thank to CoventorCoventor

Electrostatic analysis
to compute the 
capacitance

Magneto-quasi-static analysis
to compute impedance
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© Carleton University Hammerhead UAV 
Project, 2000, David Willis

Picture thanks to David 
Joe Willis

Some very useful applicationsSome very useful applications

Computational 
Aerodynamics

Mirror
Gimbal

Rotate

Picture thanks to 
Xin Wang

Stokes Flow Solver
Viscous drag
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Introduction to Iterative SolversIntroduction to Iterative Solvers

A simple iterative solver:A simple iterative solver:
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Solve 
step 1: guess an initial solution ,  let 0

step 2: compute the residual -

step 3: find an update  from 
step 4: update the solution 

step 5: 1, go to step 2
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Fast MatrixFast Matrix--Vector ProductVector Product

The most expensive step:The most expensive step:
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Goal:
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WellWell--known Fast Algorithmsknown Fast Algorithms

•• Fast Multiple Method  Fast Multiple Method  
•• Hierarchical SVDHierarchical SVD
•• Panel Clustering MethodPanel Clustering Method

Key idea:
interaction matrix is low rank
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Kernel “Independent” TechniqueKernel “Independent” Technique

Basic requirements:

Reciprocity:          ( , ) ( , )G r r G r r′ ′=v v v v

Commonly used Green’s function all satisfy
these requirements
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FFTFFT--based Methodbased Method

( , ) ( ) ( ),    
S

dS G r r r f r r Sρ′ ′ ′ = ∈∫
v v v v v

( , ) ( ,0) ( )G r r G r r G r r′ ′ ′= − = −v v v v v v%
Key idea:   kernel is shift-invariant

A simple example:

H fα =
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FFTFFT--based Methodbased Method
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1,Only  ( 1,2,..., ) are unique. H is a Toeplitz 

matrix. Matrix vector product could be computed 
using FFT in O( log( )) time.
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Operations: Operations: O(O(NNlog(log(NN)))) Memory: O(Memory: O(NN))

If collocation method with constant basis is used
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Separation of Regular Grid From Separation of Regular Grid From 
DiscretizationDiscretization PanelsPanels
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pFFTpFFT Algorithm:Algorithm:
Basic stepsBasic steps

  

(1) 

(2) 

(3) 

(4) 

[ ]αPQg =  :Project (1)

[ ]αDd =Ψ  :Direct (4)

[ ] gg I φ=Ψ  :eInterpolat (3)

[ ] gg QH=φ  :Convolve (2)

[ ] [ ][ ][ ] α)( PHIDdg +=Ψ+Ψ=Ψ
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pFFTpFFT Algorithm:Algorithm:
Basic IdeaBasic Idea

bggggbbbbb NNNNNNNNNN PHIDA ××××× += ][][][][][

A sparse representation A sparse representation 
of the system matrixof the system matrix
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pFFTpFFT Algorithm:Algorithm:
Interpolation MatrixInterpolation Matrix
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pFFTpFFT Algorithm:Algorithm:
Interpolation MatrixInterpolation Matrix
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pFFTpFFT Algorithm:Algorithm:
Interpolation MatrixInterpolation Matrix
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pFFTpFFT Algorithm:Algorithm:
Interpolation MatrixInterpolation Matrix
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pFFTpFFT Algorithm:Algorithm:
Outer Differential OperatorOuter Differential Operator
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If the kernel has a differential operator outside:

The operator works on the interpolation
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pFFTpFFT Algorithm:Algorithm:
Projection MatrixProjection Matrix
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pFFTpFFT Algorithm:Algorithm:
Projection MatrixProjection Matrix
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pFFTpFFT Algorithm:Algorithm:
Projection MatrixProjection Matrix
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pFFTpFFT Algorithm:Algorithm:
Projection MatrixProjection Matrix
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pFFTpFFT Algorithm:Algorithm:
Projection MatrixProjection Matrix
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pFFTpFFT Algorithm:Algorithm:
Inner Differential OperatorInner Differential Operator
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If the kernel has a differential operator inside:

The operator works on the projection
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pFFTpFFT Algorithm:Algorithm:
Duality of [Duality of [II] and [] and [PP]]
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pFFTpFFT Algorithm:Algorithm:
Convolution MatrixConvolution Matrix
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pFFTpFFT Algorithm:Algorithm:
Convolution MatrixConvolution Matrix

, ( )i j i jH G r r′= −v v%
1,Only  ( 1, 2,..., ) are uniquej gH j N=

Regular grid and position invariance

Operations: Operations: O(O(NNgglog(log(NNgg)))) Memory: O(Memory: O(NNgg))
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Fast convolution by FFT in O(Nlog(N)) time
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pFFTpFFT Algorithm:Algorithm:
Direct MatrixDirect Matrix
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pFFTpFFT Algorithm:Algorithm:
Direct MatrixDirect Matrix
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Operations: Operations: O(O(NNbb)) Memory: Memory: O(O(NNbb))
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pFFTpFFT Algorithm:Algorithm:
Four sparse matricesFour sparse matrices

[ ] [ ] [ ][ ][ ] αα )( PHIDA +≈=Ψ
•• Projection:Projection:

Operations: Operations: O(O(NNbb)) Memory: Memory: O(O(NNbb))
•• Convolution:Convolution:

Operations: Operations: O(O(NNgglog(log(NNgg)))) Memory: O(Memory: O(NNgg))
•• Interpolation:Interpolation:

Operations: Operations: O(O(NNbb)) Memory: Memory: O(O(NNbb))
•• Nearby interaction:Nearby interaction:

Operations: Operations: O(O(NNbb)) Memory: Memory: O(O(NNbb))
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Unit testingUnit testing

Let x be a random vector
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SingleSingle--Layer KernelLayer Kernel
Accuracy (4Accuracy (4--5 digits)5 digits)
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SingleSingle--Layer Kernel Layer Kernel 
Accuracy (4Accuracy (4--5 digits), 5 digits), R/R/λ λ = 1e= 1e--66

Number of Panel

ikre
r



UNC Seminar

SingleSingle--Layer Kernel Layer Kernel 
Accuracy (4Accuracy (4--5 digits), 5 digits), R/R/λ λ = 1e2= 1e2

Number of Panel
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DoubleDouble--Layer Kernel Layer Kernel 
Accuracy (2Accuracy (2--3 digits)3 digits)

Number of Panel
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DoubleDouble--Layer Kernel Layer Kernel 
Accuracy (2Accuracy (2--3 digits ), 3 digits ), R/R/λ λ = 1e= 1e--66
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Number of Panel
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DoubleDouble--Layer Kernel Layer Kernel 
Accuracy (2Accuracy (2--3 digits ), 3 digits ), R/R/λ λ = 1e2= 1e2

Number of Panel

ikre
r
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Matrix vector product time O(Matrix vector product time O(NN))

Break even point

Number of Panel
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Memory O(Memory O(NN))

Number of Panel
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Summary of the Summary of the 
Surface Integral FormulationSurface Integral Formulation
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System Matrix StructureSystem Matrix Structure
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PrePre--conditionerconditioner
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A Ring ExampleA Ring Example

Cross-section:   0.5x0.5 mm2

Radius:               10 mm 

Picture thanks to Junfeng Wang
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A Ring ExampleA Ring Example

+ FastHenry 960
o FastHenry 3840
* FastHenry 15360
-- Surface 992
-- DC Analytical formulae
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A Ring ExampleA Ring Example

+ FastHenry 960
o FastHenry 3840
* FastHenry 15360
-- Surface 992
-- DC Analytical formulae
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A Spiral ExampleA Spiral Example

Cross-section:      0.5x0.5 mm2

Inner Radius:        10 mm 
Spacing:                 0.5 mm
Number of turns:   2

Picture thanks to Junfeng Wang
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A Spiral ExampleA Spiral Example

o FastHenry 7680
+ FastHenry 1920
- Surface 488
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o FastHenry 7680
+ FastHenry 1920
- Surface 488
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A Shorted Transmission LineA Shorted Transmission Line

x 1011

+ Without Ground
- With Ground
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A Spiral Over GroundA Spiral Over Ground

4-turn spiral over substrate    15162 panels
MQS:   106k unknowns,  69 minutes, 348 Mb
EMQS: 121k unknowns,  93minutes, 379 Mb



UNC Seminar
MultiMulti--conductor busconductor bus

3 layer, 10 conductors each layer   12540 panels
MQS:   87.5k unknowns, 41 minutes, 165 Mb
EMQS: 100k unknowns,  61 minutes, 218 Mb
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•• PrePre--corrected FFT algorithmcorrected FFT algorithm
•• Performance of the algorithmPerformance of the algorithm
•• A surface integral formulationA surface integral formulation
•• Numerical resultsNumerical results

ConclusionsConclusions


