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Abstract when the circuit solution contains very rapid transitions.

In this paper we describe a Time-Mapped Harmonic Balance
Matrix-implicit Krylov-subspace methods have made it possible to method (TMHB), a fast Krylov-subspace spectral method utiliz-
efficiently compute the periodic steady-state of large circuits using ing a non-uniform grid to resolve the sharp features in the sig-
either the time-domain shooting-Newton method or the frequency- nals. At the core of the method are the grid selection strategies [7]
domain harmonic balance method. However, the harmonic bal- and their use in construction of a time-map function specific to
ance methods are not so efficient at computing steady-state solu-the simulated circuit. In the next section we overview the stan-
tions with rapid transitions, and the low-order integration meth- dard Harmonic Balance method. In Section 3 we detail the Time-
ods typically used with shooting-Newton methods are not so effi- Mapped Harmonic Balance algorithm. We derive the algorithm,
cient when high accuracy is required. In this paper we describe agive a Krylov-subspace based solution technique, describe the post-
Time-Mapped Harmonic Balance method (TMHB), a fast Krylov- processing procedure used to obtain the actual Fourier coefficients
subspace spectral method that overcomes the inefficiency of stan{from the TMHB solution, and detail the procedure used to construct
dard harmonic balance in the case of rapid transitions. TMHB fea- the time-map function. In Section 4 we present results on several
tures a non-uniform grid to resolve the sharp features in the sig- examples that demonstrate that the TMHB method achieves sev-
nals. Results on several examples demonstrate that the TMHB me-eral orders of magnitude improvement in accuracy compared to the
thod achieves several orders of magnitude improvement in accuracystandard HB method. We also show that the TMHB method is sev-
compared to the standard harmonic balance method. The TMHB eral times faster than the standard HB method in reaching identical
method is also several times faster than the standard harmonic balsolution accuracy. Finally, conclusions are given in Section 5.
ance method in reaching identical solution accuracy.

2 Standard Harmonic Balance
1 Introduction

Consider a circuit described with nonlinear differential equa-
The exploding demand for high performance wireless products hastions:
increased the need for more efficient and accurate simulation tech- g(v(t)) +i(v(t))+u(t)=0 (1)
n_iqugs for c_ommunicat_ion integrated_t_:ircuits_. Designers of such wherev(t) € RN is the vector of node voltageg(v(t)) € RN the
circuits are interested in some quantities which can be computed . RN th f resi
from small-signal analysis, but many, such as harmonic and in- v_ector of node charges (or flu>'<\les()v(t)) < t_ e vector of resis-
termodulation distortion, require the accurate computation of the tive node currents, and(t) € R ™ the vector of input sources.
circuit’s steady-state. The two most commonly used approaches Let th? circuit be dr!ven by a Slng_le perlodlc excitation input
to computing a circuit's steady-state are the shooting-Newton me- Source with periodr. Finding the periodic steady-state solution
thod [1], and the Harmonic Balance (HB) method [5, 3]. Recent al- of this circuit consists of computing thé stead)_/-st_ate waveforms
gorithmic developments, based on preconditioned matrix-implicit V(t) on the solution domait < [0,T]. The periodic steady-state
Krylov-subspace algorithms [4, 6, 8], have made these methods Solution of (1) satisfies the two-point constraint:

even more popular as now they can be used to easily analyze cir- V(T) = v(0) . )
cuits with hundreds of devices.

The advantage of the shooting-Newton method is that it is a In the standard HB method, the solution waveforms are approx-
time domain method which can select time-points based on local imated with truncated Fourier series:
error estimation. Therefore, shooting-Newton methods can easily KK
handle circuits where the solution waveform has sharp transitions. v(t) = z Vel Zmkft (3)
The advantage of Harmonic Balance is that it is a spectrally ac- k=—K

curate method, and therefore the solution converges exponentially . . . . h
fast with increasing harmonics. However, the effective time-steps With K the number of harmonics considered in the truncation. The
used by the Harmonic Balance method are uniformly spaced, andMéthod solves for the Fourier coefficieMg The approximation

this implies that the method requires a large number of harmonics (3); In conjunction with theN circuit equations (1), results in the
residual function:

K K
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for profit or commercial advantage, the copyright notice, the title of the publication . L
and its date appear, and notice is given that copying is by permission of ACM, Inc. which is to be minimized of0, T].
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(c) 1999 ACM 1-58113-109-7/99/06..$5.00 time-points whereM = 2K + 1. This standard HB method is more

accurately referred to as pseudospectral Harmonic Balance [2].



3 Time-Mapped Harmonic Balance

In contrast to standard Harmonic Balance, Time-Mapped Harmonic
Balance (TMHB) utilizes a non-uniform grid of time-points. The
non-uniform grid is selected such that it has increased resolution in
the high-gradient regions of the solution waveforms, i.e. it resolves
the sharp waveform features in order to obtain greater solution ac-
curacy. We now introduce the notion of pseudo time, were pseudo
timef is related to real time via the time-map functidsuch that

t = A(f), A(0) =0, andA(T) = T. The time-map function maps

a uniform grid of pseudo time-points into the non-uniform grid of
real time-points.

The time-map functior\(+) is constructed in two phases. The
first phase is computing a grid of non-uniform time-points. These
non-uniform time-points are determined by examining the results
from solving the periodic steady-state problem using a shooting-
Newton time-domain method with a low-order integration scheme.
In the second phase, the non-uniform grid is spectrally interpolated
to yield A(-). The details of this construction are given in Subsec-
tion 3.3.

To derive the Time-Mapped Harmonic Balance (TMHB) me-
thod, consider that

d 1d
dNOE ®
Replacing the time-derivative in (1) with (5) yields
1 d P - -
WEfQ(V(A(t))+I(V(>\(t)))+U(>\(t)) =0, (6)
and the two-point constraint becomes
VA(T)) = V(A(0)) . @)

The solution waveforms in TMHB are approximated with trun-
cated pseudo Fourier series:

v(t) (8)

k=K o
VAD) = 5 Vel
k=-K

whereV are the pseudo Fourier coefficients of the solution wave-
forms. Equations (6) and (8) yield the residual function

K ~ i f A
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which is to be minimized o0, T]. The minimization is carried
out by a collocation method, enforcirfgV,f) = 0 on the uniform
pseudo grid of collocation points.

The non-uniform grid in real time in effect “stretches” out those
regions of the solution waveforms with sharp features. As a re-
sult, the TMHB solutionv(t) in real time is the smoother wave-
form v(A(f)) when viewed in pseudo time, as illustrated in Figure
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Figure 1: The smoothing effect of the non-uniform grid of TMHB:
(A) vcorL in real time; (B) time-map function; (G)co in pseudo

3.1 Matrix-Implicit Krylov-Subspace Approach

Equation (9) is now rewritten in the frequency domain yieldiig
nonlinear algebraic equations

F(V)=rAr—tarqr-v)+rir-v)+ru=0 (10

whereQ is the diagonal frequency-domain differentiation matrix

j2r(—K) iy
j2n(—K+1)fly
Q= . ;
j2rK fly
11)
A is the diagonal matrix
1o
N
T
A= ) , (12)
1
)\’(fM)IN

and Iy is the identity matrix of sizé\. The matriced” andl !
are DFT matrices that perform the conversions from pseudo time
to frequency and vice-versa

v=r"1,
el —K)fy NELTAN
F-1_ (13)
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1. Since the waveform is smoother in pseudo time, its features areSince the pseudo grid is uniform, the DFT can be carried out in

more easily resolved with aMl-point uniform pseudo grid, com-
pared to resolving the original fast varying waveform in real time
with an M-point uniform real time grid in the HB method. Thus
one expects better accuracy from the TMHB method.

The rapid transitions in the solution waveforms are better ap-
proximated with the pseudo Fourier series (8), whose building
blocks are complex exponential basis functions with smoothly vary-
ing frequencies. The greater accuracy of the TMHB method stems
from the smaller global truncation error of the pseudo Fourier series
for the (smoother) solution waveform in pseudo time, compared to
the global truncation error of the standard HB Fourier series ap-
proximation of the solution waveform in real time.

O(NMlogM) operations using the FFT just as in the standard HB.
Applying the Newton method to (10) results in the iteration

a0 (40 Y0 =
(rar—tare®r-t4rehir=1) (V0 —y0)
—-Fv)y 4

wherel is the Newton iteration index. The block-diagonal matrices
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whereCp, = dQ(V(é\\Efm))) — dQ(V(\}m)) andGm = di(V(S\(Ifm))) — di(\é(\t,m))’
and can therefore be evaluated in real time on the non-uniform grid
of real time-pointsnm.

The Newton iteration (14) is a linear problem. Explicitly form- -60
ing and factoring the dense TMHB Jacobidis very expensive,
O(NM3). As in standard HB, a preconditioned iterative linear solver
such as GMRES can be used to reduce the complexiDfkv?). e
Further reductions in complexity are obtained by implicitly form-
ing the GMRES matrix-vector product by sequential evaluation us- _,, ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

—40+

Vo | [dB]

ing FFTs, toO(NMlogM). The diagonal blocks of the Jacobian ° ! z P peeneymim ! 8 °
work well as a standard preconditioner in most circuit examples.
Therefore the complexity of TMHB is the san@NMIlogM) as Figure 2: TMHB matching of high-frequency coefficients.

the state-of-the-art matrix-implicit Krylov-subspace standard Har-
monic Balance [4, 6, 8]. R

The TMHB yields the pseudo Fourier coefficiehtsf the volt- The unmap procedure described above is in essence an over-
age waveform solutions that can be related to the real Fourier co- sampled Fourier interpolation of the solution wavefowfts. This
efficientsV. Note that if time-domain waveforms are desired, due interpolation uses the discrete waveform values(bf at the non-
to (8), an inverse FFT readily yields the voltage waveforms at the uniform grid in real time to generate the discrete values(bf at

non-uniform grid of real time-points. the oversampled uniform grid in real time. It is crucial to use a
R e spectrally accurate oversampled interpolation in order to preserve
V(t) = V(A(t) =T~V (16) the accuracy of the solution. Local interpolation schemes (linear or

quadratic) are not suitable for this task as they would introduce er-
3.2 Computing the Real Time Fourier Coefficients rors that are larger than the errors from the Fourier approximation
of the solution.
To compute the real time Fourier coefficieds we use the fol-
lowing “unmap” procedure. We introduce a non-uniform oversam- - ;
pled grid in pseudo time such thaf-) maps this oversampled grid 3.3 The Time-Map Function
in pseudo time to a uniform oversampled grid in real time. Since The first step in determining the time-map functidris to deter-
f=A71(t), (8) can be rewritten as mine a set ofS non-uniform real time time-points. The success
of the TMHB method is crucially dependent on this time-point se-
lection [7], and the strategies used require an initial guess for the
solution waveforms. In particular, an approximate solution is com-
puted using a shooting-Newton method [5] with a low-order time

The summation in (17) is then evaluated to give the solution wave- intégration scheme. Tr&non-uniform time-points for the TMHB
forms at the oversampled uniform grid in real time. Note that Method are then selected based on balancing two criteria: using
the summation cannot be carried out by an inverse FFT since theSmall time-steps in the fast-varying regions of the approximate so-
pseudo time-points~(ty,) form a non-uniform grid. Finally, since lution waveforms, and insuring that the time-steps do not change
thev(t)’s are now known on a uniform grid in real time, we can use {00 rapidly. Although using a shooting-Newton method to compute
the FFT to compute the real Fourier coefficievits the approximate solution is expensive, the cost is kept low by loos-

Note that this procedure actually yields more tihs= 2K + 1 ening the convergence tolerance. In addition, this shooting-Newton
Fourier coefficients. The additional Fourier coefficients represent Solution is useful as an initial guess for the TMHB. _
the higher frequencies captured by the non-uniform grid in TMHB. _ Given theSnon-uniform real time time-points, the next step is
These coefficients are shown to match the Fourier coefficients of the construction of the time-map functior- A(t) that relates the
the “exact” solution quite well (Figure 2). Without oversampling, uniform grid in pseudo time to the non-uniform grid in real time.
these coefficients would be zero and some of the additional accu- I order to preserve the spectral accuracy of the TMHB method,
racy obtained by the TMHB method would be lost. the time-map function must be smooth, and we must be able to

In effect theM pseudo Fourier coefficients “pack” high fre- compute its first derivative with spectral accuracy or better as it
quency information content, and in order to preserve it, we must IS used in (9). Furthermore, to ensure strict monotonicity of the
carry the “unmap” procedure utilizing the oversampling frequen- Non-uniform grid of real time-points, the time-map function must
cies aboveK. be strictly monotonic, i.eN'(f) > 0 for all f € [0, T]. Finally, for

The rate of oversampling is determined by the Nyquist fre- Unmap purposes, we also need to be able to compuitg).
quency fg = Tﬁm corresponding to the smallest spacimgi, in We first represerk(t) as a sum of a linear part and a T-periodic

k=K B
vit)= Y Vel 17)
k=—K

the non-uniform grid in real time, where from partAq(t) =) =+ () (19)
= = o).
K. — E _ 1 (18) The periodic parh(f) is chosen to be a Fourier polynomial inter-
o f 2hminf polant(f) of orderSsuch that the interpolatory condition

whereKg is the number of oversampling harmonics. ts = s+ @(fs) (20)



DC-DC Converter: error in v,

is exactly satisfied at the pointé,ts) wherets are theS non- con
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uniform real-time time-goints, and are S uniform pseudo time- —
points. The interpolarg(t) is the truncated Fourier series bl o Twe |
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Thus the time-map function is constructed as:

4.5

J )
MO =+ 3 Dyl (23)
k=—J Figure 3: DC-DC converter circuit: error in the computed Fourier

) o . coefficients ofvcoy for K =50, in dB.
and this approximation exactly passes through the p¢igts).

The first derivative of the time-map function is i DC-DC Converter: (A) i ®
J . 16l
NE=1+ 3 jerkfoel2«f (24) ° e
k=—-J 1.4F
and is exact. 2
TheA(-) function (23) and its first derivative (24) are now eval- 1t

uated atM uniform pseudo time-points to yield tié-point non-
uniform grid in real time and the matrix of time-map derivatives
/\. 0.6
Due to the Fourier nature of the representation (28)) may
exhibit high frequency oscillations and violate the monotonicity re-
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quirement. In practice, for the grids selectedSifs sufficiently o2r
large, this violation rarely happens, and can be resolved by damp- | iy
ing the oscillations with an exponential filtgg, yielding a filtered — +e
construction 0.2 = > 1 -2 s =5 o
P j2ri £ ‘b e
MO =t+ z TRONY (25)
k==J Figure 4: DC-DC converter circuitc o computed with: (A) stan-

wherepy = e‘5(§)y andd andy are filter parameters. Note that the dard HB; (B) TMHB, at same number of harmonks- 50.

filtered approximation no longer passes through the pdfsts).

In addition, the filtered approximation can introduce an offset
such that\(0) = T andA(T) = T + 1. While this offset causes no
problems to the TMHB method, excessive filtering can deteriorate
the quality of the approximation.

The values o\~1(t) at the oversampled uniform timég is
required in order to compute the actual Fourier coefficients. This is
accomplished by applying Newton’s method to the nonlinear equa-
tion A(fm) —tm = 0 and solving fofy, at each time poirt,.

input, a DC-DC converter with a 85kHz sine input, a BICMOS
switching mixer with a 1.8GHz square wave LO, and a BICMOS IF
preamplifier circuit driven into distortion with a 0.1V 110MHz sine
input. Both the standard HB and TMHB methods in all runs used
the same shooting-Newton solution guess. The Fourier coefficients
Vi of the “exact” solution were computed using a standard HB
method with a very large number of harmonics.

The four circuits were first simulated with both the standard HB
and TMHB methods at a fixed number of harmonics. A plot of the
4 Results frequency-domain pointwise erref(kf) = [Vi—V{/|in dB in each

computed Fourier coefficieNf of the computed voltage o ver-
In this Section we compare the performance of the TMHB me- sus frequency in the DC-DC converter is shown in Figure 3 (the
thod with standard state-of-the-art matrix-implicit Krylov-subspace number of harmonics wds = 50). vcoiL was chosen because it
Harmonic Balance [4, 6, 8]. Both the standard HB and TMHB is the signal with sharpest features in the circuit. The plot illus-
methods were implemented in Mica, Motorola’s SPICE-like circuit trates that the TMHB method computes each individual harmonic
simulator. much more accurately than the standard HB. A plot of the com-

The best candidates for the TMHB method are circuits whose putedvco)L waveforms with HB and TMHB aK = 10 is given in
solution waveforms undergo rapid transitions. Many highly non- Figure 4 illustrating the smaller TMHB error in the time domain.
linear circuits will exhibit such waveforms. For these circuits the Similar results were observed for the computed waveforms in the
pseudo Fourier series solution representations of the TMHB me- other three circuits as well.
thod will be much more efficient than the standard Fourier series  Next, the four circuits were repeatedly simulated with the stan-
used in the standard HB method. dard HB and TMHB methods using increasing numbers of harmon-

Four strongly nonlinear circuits were simulated with the HB ics. Figures 5, 6, 7, and 8 show the norm of the frequency-
and TMHB methods: a diode rectifier powered with a 50Hz sine domain pointwise errogs in dB, for the computed Fourier coeffi-



Diode rectifier: error convergence. Switching Mixer: error convergence.
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Figure 6: DC-DC converter circuit:, of the error invcoyL, in dB. Figure 8: IF preamplifierL of the error invoyTp, in dB.

cients of a selected voltage or current waveform versus the numberis in general unnecessary in practice as only a few waveforms are
of harmonicK. The plots show orders of magnitude improvements of interest. A partial unmap of only the few needed waveforms can
in the accuracy of the TMHB solution compared to the standard HB generate significant total CPU time savings for larger circuits with
solution. For example, & = 200 the TMHB solution oficoy in hundreds of waveforms.
the DC-DC converter is about 100dB (5 orders of magnitude) more Table 1 shows significant CPU runtime speedups for three of
accurate than the standard HB solution. Theerror as well as the the four simulated circuits. For both the diode rectifier and the IF
errors in each individual harmonic for the remaining waveforms preamplifier, a speedup of 1.6 is achieved. For the DC-DC con-
show the same superior error convergence properties. verter the speedup is a factor of 6.
The total CPU timesT for the HB and TMHB methods in

: - : reaching a specific accuragey in ey from the DC-DC converter
4.1 Runtime Efficiency and Storage Requirements circuit are shown in Figure 9 (A). The accuracy measure was again
of TMHB the L norm of the frequency domain pointwise error in the com-

A logical way to measure the runtime efficiency of the TMHB me- puted Fourier coefficients. For less stringent accuracies, the total
thod is to compare standard HB and TMHB runs achieving similar CPU times for the TMHB method are comparable to the HB CPU
accuracies. Table 1 summarizes these findings. The results werdimes due to the TMHB overhead in the non-uniform grid selection
obtained on a Sun Ultra-2 300MHz workstation. The accugcy and waveform unmap. The situation is drastically different for ac-
was theL., norm of the frequency domain pointwise error in the curacies better than -50dB: the TMHB becomes up to several times

computed Fourier coefficients for the waveforms used for the error faster than the HB method. In addition the speedup factor grows
convergence profile plots. with increases in required accuracies.

The total CPU times include the time spent in the non-uniform __1he memory storage requirements for the TMHB method are
grid selection, as well as a complete unmap of all solution wave- the same as for the standard HB method, growing linearly with the

forms in the circuit. The complete unmap of all solution waveforms number of harmonicK due to the storage of the Krylov subspace
vectors in the GMRES linear solver. Since the TMHB method can



Standard HB TMHB
Circuit N £f K | T | T | I | IN K | T | T | I | IN
Diode Rectifier 6 -200 || 650 | 43.2 | 33.0| 273 | 16 | 240| 27.2| 6.84| 187 | 14
DC-DC Converter| 9 -100 || 1000 | 1080 | 1053 | 2487 | 14 | 180 | 177 | 156 | 2112 | 12
Switching Mixer | 105 | -130 || 150 | 67.3 | 21.8 37 8 45 |1 62.8| 13.1| 73 9
IF Preamplifier | 289 | -155 || 170 | 1065| 861 | 417 | 18 | 90 | 662 | 514 | 441 | 17

Table 1: Comparison of the standard HB and TMHB methods at same achieved solution acbligtlie number of equations for the
circuit andes is the achieved accuracy in dB.is number of harmonicg; is total CPU time]_is linear solve timel| is number of GMRES

iterations,ly is number of Newton iterations. All times are in seconds.
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times faster than the standard HB method in reaching identical so-
lution accuracy, and uses up to five times fewer harmonics and less
computer memory. The TMHB runtime speedup factor and stor-

age savings favorably increase for stricter accuracy requirements,
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Figure 9: DC-DC Converter: (A) total CPU tiniE, (B) number
of harmonicsK for HB and TMHB to reach a specific solution
accuracyes in vcolL-

achieve the same solution accuracy as the standard HB method with [3]

a smaller number of harmonics, it follows that significant memory
savings can be achieved by using the TMHB method. In particular,
from Table 1, we can measure the memory savings roughly as the
ratio of the needed numbers of harmonicgor the standard HB
and the TMHB method respectively. For example, the memory
savings range from a factor of 1.9 for the IF preamplifier, to a factor
of 5.5 for the DC-DC converter.

Figure 9 (B) shows the required numbers of harmoliogeded
by the HB and the TMHB methods, versus the reached accuracy in
the vcoi. waveform for the DC-DC converter circuit. Since the
storage requirements are proportionalkidhe plot demonstrates
that the TMHB method storage requirements at same solution ac-
curacy are not only smaller than those of the HB, but also grow less
rapidly for higher accuracy computations.

5 Conclusions

In this paper we described the Time-Mapped Harmonic Balance
method (TMHB), a fast Krylov-subspace spectral method that over-
comes the limitations of standard state-of-the-art Krylov-subspace
harmonic balance method for circuits with rapid transitions. The
non-uniform grid in the TMHB method resolves the sharp features
in the signals. The computational results show that at same num-
bers of harmonics the TMHB method achieves up to five orders
of magnitude improvement in accuracy. The TMHB method re-
tains the same complexity as the standard HB method, is up to six

(2]

(4]

(5]

(6]

(7]

(8]

making TMHB well suited for high accuracy simulations of large
strongly nonlinear circuits with rapid transitions.
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