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Abstract

In orderfor parasiticextractionof high-speedntegratedcircuit intercon-
nectto be sufiiciently efficient, andfit with model-ordereductiontech-
niques,arobustwidebandsurfaceintegral formulationis essential One
recentlydevelopedsurfaceintegral formulationhasshovn promise,but
wasplaguedwith numericaldifficulties of poorly understoodrigin. In
this papemwe shav thatoneof thatformulations difficultieswasrelated
to the inaccurag in the approachto evaluateintegrals over discretiza-
tion panels,andwe presentan accurateapproactbasedon an adapted
piecavise quadraturescheme.We alsoshav thatthe conditionnumber
of the original systenof integral equationcanbereducedy differenti-
atingoneof theintegral equations Computationatesultson aring and
a spiralinductorare usedto shaw thatthe new quadratureschemeand
the differentiatedintegral formulationimprove accuray andaccelerate
the corvergenceof iterative solutionmethods.

1. Intr oduction

The layout parasitican critical netsin high frequeng analogandhigh
speeddigital integratedcircuits must be analyzedusing methodsthat
take into accountdistributedresistive, capacitve andinductive effects,
and may even require a careful treatmentof radiation. The only ap-
proacheshathave provento becapableof detailedelectromagnetianal-
ysisof complicatedntegratedcircuitinterconnectretheaccelerateéh-
tegralequatiormethoddik ethoseusedn FastCag1] andFastHennyj2].
In addition,it is widely agreedhattheintegral formulationusedmustbe
asurfaceformulation,assuchformulationsavoid afrequeng-dependent
discretizatiorof theinterior of conductorsandthe substratg3, 4].

Onerecentlydevelopedsurfaceintegralformulationhasshavn promis€g 3],
but wasplaguedwith numericaldifficulties of poorly understoodrigin.
In this paperwe shav thatone of thatformulations difficulties wasre-
latedto inaccurag in theapproactto evaluateintegralsover discretiza-
tion panels,andwe presentan accurateapproachbasedon an adapted
piecavise quadraturescheme.We alsoshav thatthe conditionnumber
of the original systenof integral equationcanbereducedy differenti-
atingoneof theintegral equations Computationatesultson aring and
a spiralinductorare usedto shaw thatthe new quadratureschemeand
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the differentiatedntegral formulationimprove accurag andaccelerate
the convergenceof iterative solutionmethods.

2. SurfaceFormulation

Thesurfaceintegral formualtion proposedn [3, 4] is asfollows
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whereS; is the surfaceof the k-th conductor Sis theunionof the §'s,
7 andr’ areonS, ps denoteghe surfacechage density E is the electric
field, o is theconductvity of theconductorfi is the outward normalunit
vectoronthe conductorsurface,and
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wherew is the excitation frequeng, ande andp arethe dielectric per
mittivity andmagnetiqgpermeabilityrespectiely. It shouldbenotedthat
thejump conditionof the double-layeintegral hasalreadybeenapplied
in (1) and(2). Theformulationhaseightscalarstatevariables Ex, Ey,
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Figure 1: Paneldiscretization

Ez %X, "‘,Eny, 9%z o andps. Sincethe equation(2) alongthe normal
directionis not enforced the total numberof scalarequationsis also
eight.

3. PanellIntegration

In orderto discretizethesystenof integral equationg1-5),a piecavise-
constantcentroidcollocationschemes used. The conductorsurfaceis
discretizedinto N flat quadrilateralpanels. Seven unknavns are asso-
ciatedwith eachpanel: Ey, Ey, Ez, %, aaEny, %z andps. The scalar
potentialg is associateavith the panelvertices.For moredetailsabout
thediscretizationpleaseeferto [3].

3.1 Definition
After discretizationthe integralsover conductorsurfaceS or S arere-
placedby the summatiorof integralsover panels.Theseintegralsare
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whereP, is thei-th panel A(P )|stheunltnormalvectorontheﬂat panel
P, andG(T, 1) is eitherGo(T, ') or Gy (T, r") definedin (6) and(7). From
the symmetrypropertyof the Greens function, it follows that
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Therefore to computetheintegralsin equation(8) (9) and(10), all we

needis to computel41(T) and a'alg) , whereD standgor x, y or z.

3.2 Decomposition

It is shavn in [5] thatary integration over a polygonis equalto the
sighedsummatiorof the integrationover a chosensetof triangles.The
verticesof thesetrianglesare thoseof the polygon andthe projection
of the evaluationpoint onto the planewherethe polygonlies, asshavn
in figure 2. To be more precise,let f(F) be a generalintegrand, its
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Figure 2: Decompositionof an integration over a polygon into sev-
eral integrations over traingels

integrationover a polygonin figure 2 couldbewritten as

/S drf(7) = is /PVM ar(n (12)

whereN is the numberof vertices V41 = V1, ands = —1if V;Vi41 is
clockwiselooking from the evaluationpoint E ands = 1 if otherwise.

Thisideawasusedin [4] to computetheintegralsl4(F) anda'al—g).

3.3 Desingularization and Reductionto 1-D inte-

gration
In apolarcoordinatesystematriangleafterthedecompositioris shavn
in figure 3. UsingtherelationR= v/r2 + hZ2 andRdR= rdr, theintegrals
l1 andy ol 5 overthistrianglecould berewritten in polarcoordinatess
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Now the singularityof the original kernelsin |1 and% hasbeenelim-
inatedandthe 2-D integrationshave beenreducedto 1-D integrations.
Thequadratureuleis usedto computethetwo 1-D integrationsin equa-
tion (13) and(15). The sharedrapid changingkernelin thesetwo inte-
gralsis f(8) = &<R1(®), whereRy(8) = 1/d2se@(8) + h?. Whend <<
AB, 85 ~ 3 andBg ~ 3, and f(8) changesapidly over the intenal.
Many quadraturgointsmustbe usedto achie/e reasonablaccuray.

3.4 Piece-wiseQuadrature Scheme
A simple variabletransformationand a piece-wisequadraturescheme
canbeusedto solve the abO/e mentionegroblem. Let x = dtan(0), it

easilyfollows that & = 4, wherer? = d2 + x. Therapidly changing

partof I and 3 a'l could bera/vrltten as
o dogkR = / ° dxg(x), wher g(x) = r%eikv hetr? (16)
Oa XA

The distribution of the integrandg(x) is shavn in the top figure of the
figure4. Many quadraturgointsmuststill be usedto getaccuratesval-
uationbecausef therapidvariationaboutx = 0. However if we divide



Figure 3: Triangle in polar coordinate system,d is the distancebe-
tweenpoint P and edgeAB

the integration domaininto two sub-domainsas shawvn in the middle
andthe bottomfigure of thefigure 4, andusea piece-wiseintegration
scheme the numberof quadraturepoints neededwill be dramatically
reduced. The convergencebehaior of the integration over the whole
domainandover the two sub-domainss shawvn in figure5. It is clear
thatthe piece-wiseschemeusesfewer quadraturepoints,or hashigher
accuray if only asmallnumberof quadraturgpointsareused.Unfortu-
nately thisis notappreciatedn [4] andasmallnumber(24) of quadra-
ture points are usedfor the integration over the whole domain. Since
thelowerthefrequeng, thesmallerthedampingfactorin complex wave
numberk, hencethe higherthe peakof theintegrandg(x), theformula-
tionin [4] hasalow frequeny problem.

4. UsingNormal Derivativeto Reducethe Condi-
tion Number

At very low frequeng, Gl(F’,F’) in equation(6) is almostthe sameas
Go(T, F’) in equation(7). Thereforeegquation(1) is very similar to equa-
tion (2), particularly for a single-conductoexample, where S and S
are the same. Therefore the resulting systemmatrix will becomeill-

conditionedat low frequencies.If aniterative methodis usedto solve
suchanill-conditionedlinear systemthe cornvergencewill beslow.

We developeda new formulationbasedon replacingequation(1) with
the normal derivative of Greens secondidentity, and this reducesthe
conditionnumberof the linear system.In thefollowing, we give a brief
derivation.

If we take the normalderivative of the equation(1), we have
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Now the integral operatorsn equation(17) aredifferentfrom thosein
equation(2). Hencethe systemmatrix is notill-conditionedat low fre-
guenciesry more. It shouldbenotedthattheunknavnsin equation(17)

arestill Ex, Ey, Ez, %X, aa%/ and%E2. No extraunknawns areinvolved.
So we could simply replaceequation(1) with equation(17) andkeep
equation(2-5), andthis becomesur improved surfaceintegral formu-

lation. However, a hypersingulartermappearsn equation(17). In this
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Figure 4: Distrib ution of the integrand, the top figureis the distri-
bution of the original integrand, the middle and the bottom figure
arethe left and right part of the top figure



T T T T
—— integration over the whole region
* piece-wise scheme

integraion value

0.05 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100
number of quadrature points
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paper this hypersingularintegral
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is calculatedy usingdfinite-differenceso approximatehenormalderiva-
tive outsidetheintegral.

1a(F) (18)

5. Numerical Results

In this sectionwe presensomecomputatiorresultsusingtheimproved
surfaceintegral formualtionandthe piece-wisequadraturescheme We
first usea simplering structureto validateour panelintegrationscheme
asanalyticalformulasexist for the inductanceof aring [6]. We then
useour improved formulationto performthe analysisof a spiralinduc-
tor with or without a semiconductosubstrategroundplaneanda mul-
tipin connectarandcomparethe resultsto the public domainprogram
FastHenry [2]. The sparsepre-conditionematrix usedin this paperis
constructedy ignoringtheinteractionbetweerpanelsn equation(1-3)
andusingequation(4) and(5) directly.

5.1 Ring

Thering is 10mmin radius,with asquarecrosssectionof thesize0.5mm
by 0.5mm The conductvity is that of the copper which is 5.8e7. The
low frequeng inductancecalculatedusingthe formulain [6] is 48.89
nH. The resultsobtainedby using FastHenryandthe formulation pro-

posedin [3, 4] enhancedvith the piece-wisequadratureschemepro-

posedin section3 areshavn in figure 6 and7. The two resultsagree
well. The numberof filamentsusedby FastHenryis 960, 3840 and
15360 respectiely. Thesurfaceformualtiononly uses992panelsacross
the entire frequeng range. It shouldbe notedthat the inductanceob-

tainedwith the surfaceformulationis very closeto 48.89nHin the low

frequeng range.This suggestshatthelow frequenyg problemreported
in [4] hasbeenreliminatedwithoutusingthelinearizationtechniquepro-

posedherein.Also, athighfrequeng, theresistancecalego thesquare
rootof frequeny andtheinductancedropsalittle. Thissuggestshatthe
skin-efect hasbeenwell captured.So this ring exampledoesvalidate
our panelintegrationscheme.

5.2 Spiral inductor

The improved surfaceformulation generates densematrix. Soit can
not be usedfor analyzingcomplicatedstructuresdirectly. It could be
combinedwith an acceleratedterative methodthat allows for general
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Greensfunction,suchasthePrecorrected-FFalgorithm[7] or thehier
archalSVD [8]. Sincewe have notyetimplementedanaccelerateder-
sionof our formulation,in this sectionwe try to usea relatively coarse
discretizationto analyzea spiral inductor with or without a semicon-
ductorgroundplaneto validateour improved surfaceintegral formula-
tion. And sinceaninductorwith groundplaneis arelatively complicated
structure we alsousethis exampleto shav thatthe improved formual-
tion indeedconvergesfasterthantheformulationin [3].

The inner radius of the spiral is 10mm. Its crosssectionis a square
of the size 0.5mmby 0.5mm, and the spacingbetweentwo succesie

revolutionsis 0.5mm. The spiral hastwo revolutions. The computed
resistancandinductanceagreevell with thoseobtainedvith FastHenry
asshavn in figure8 and9. Again, it is worth mentioningthat FastHenry
doesnotcaptureheskin-efectathighfrequeng dueto thefixednumber
of filaments. On the other hand, with a fixed numberof panels,the

improved surface formualtion haswell capturedthe skin-efect. This

validatesourimproved surfaceformulation.

To testthe convergenceof the iterative methodusedto solve the linear
systemwe usethe samespiral andadda semiconductogroundplane.
Thesizeof the groundplaneis 42 by 42 mm. Its thicknesds 1mm. Its
conductvity is 0.005 that of the copper We usethe improved formu-
lation andthe formulationin [3] to analyzethis structureat frequeng
point 1Hz. The numberof unknavnsis 2534. Theresidualof the GM-
RESversustheiterationsfor bothformulationsis shavn in figure 10. It
is clearthattheimprovedformulationcorvergesmuchfaster

5.3 Multipin connector

To further testthe corvergencebehaior of the improved formualtion,
we alsouseit to analyzea three-pinconnectar The numberof panels
is 544, andthe numberof unknavns is 3808. We againchoosethe fre-

queng pointto be 1Hz to seehow theimproved formulationspeedsip

the convergenceat low frequeng. The residualof the GMRES versus
the iterationsfor both formulationsis shavn in figure 11. We cansee
thatthe numberof iterationshasbeenreducedsignificantly

6. Conclusion

By taking the normalderivative of one of the equationsn an existing
surfaceintegral formulation,we have reducedthe condition numberof
this formulation. Numericalanalysisof a spiral inductor over ground
plane example shavs that the numberof GMRES iterationscould be
reducedby asmuchasonehalf. We have also proposeda piece-wise
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integrationschemeto improve the accurag of the panelintegrationin
the surfaceformulation. Usingthis schemewe have shavn thatthelow
frequeny problemreportedbeforeactually doesnot exist. Therefore,
thelinearizationtechniquausedto eliminatethis problemis unnecessary
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