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ABSTRACT

In this paper we present a more accurate method for

solving a frequency-dependent inductance of 3-D struc-

tures that contains permeable materials. The extracted

inductance using the new method is much more accurate

than when using the traditional collocation method for no

increased cost. Computational results are presented and

compared with data to demonstrate the accuracy improve-

ment of the approach.

Keywords: Qualocation, Inductance, Magnetic, per-

meability.

INTRODUCTION

MEMS devices, such as spiral inductors and magnetic

force based actuators, use permeable materials to increase

either inductance or magnetic forces. One approach to

computing inductance in the presence of non-current car-

rying magnetic materials is the �ctitious magnetic charge

method[1,2], in which the material interfaces are replaced

with sheets of charge. When the technique is used as a

numerical method, the �ctitious magnetic charge is com-

puted by enforcing the continuity of normal magnetic �eld

at the permeable material interface at test points. We

show that discretizing the resulting numerical system us-

ing a collocation method is inaccurate for high � materials

with sharp geometric features and can be replaced by a

qualocation method which is much more accurate at no

extra cost.

In the next section we brie
y describe the �ctitious mag-

netic charge method, and the new technique to solve for

the magnetic charge. We also describe how the �elds are

being computed using the magnetic charge. In section 4

we present some computational experiments. We demon-

strate that the new method more accurately predicts the

magnetic �eld for the analytically solvable problem of a

permeable ellipsoid in a uniform magnetic �eld. We also

compare the extracted inductance to data for a problem

of a coil surrounding a permeable core. We show that new
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Figure 1: Current sources are outside the magnetic mate-

rial.

method is much more accurate in predicting the exact in-

ductance. The paper ends with conclusions and acknowl-

edgements.

FICTITIOUS MAGNETIC CHARGE METHOD

Integral Formulation

For many problems in MEMS, we can assume that re-

gions which contain magnetic material are separated from

current carrying conductors, as shown in Figure 1. For

such problems, it is possible to use a �ctitious magnetic

charge method in which the conductors are divided into

�laments over which the current is assumed constant, and

the permeable material surface is divided into panels over

which the magnetic charge is assumed constant. Then, the

�laments are combined into loops. By using these loop and

panel basis functions to represent the currents and charges,

the resulting system can be solved numerically[2].

The �ctitious magnetic charge is computed approxi-

mately by solving for the jump in the normal magnetic



�eld at the permeable material interface, as in
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where �m is the �ctitious surface charge density, r and

r
0

are positions in 3-space, �r is the magnetic material's

relative permeability, HC is the magnetic �eld produced

by free space current sources, S is the permeable material's

surface, and nr is the normal to that surface.

Collocation and Galerkin Discretization

The integral equation in (1) can be solved by discretizing

the permeable material's surface into panels on which the

�ctitious charge is assumed constant, and then determin-

ing the panel charges by enforcing (1) at test points. This

discretization produces the following collocation equation,
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where qj is the �ctitious magnetic charge density on the

j
thpanel on the magnetic material surface, ni is the unit

vector normal to the magnetic material surface calculated

at the center of panel i, and Sj is the surface of panel j. If

the surface is discretized into 
at triangles, the integral in

(2) can be calculated analytically[3]. Consequently, using

the collocation method is e�cient.

The galerkin approach can also be used to discretize

(1), in which case the panel charges are determined by

enforcing (1) in average over a panel. This discretization

produces the following galerkin equation,
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where ai is the surface area of panel i.

The double integral in the galerkin method (2) is harder

to evaluate than the integral in the collocation method (1),

and is typically computed by combining analytic integra-

tion with numerical quadrature.

QUALOCATION

If the collocation method with a coarse discretization

is used to solve (1), the computed �ctitious charges are

quite inaccurate when � is large. Switching to the galerkin

method improves accuracy substantially, but the galerkin

method is more expensive. Instead, we show that by using

a qualocation method[4], which costs no more than collo-

cation, the �citious charges are also accurately computed.
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Figure 2: Di�erent discretization con�gurations

Like the collocation method, the qualocation method

can be thought of as an approximation to the galerkin

method. In qualocation, however, the panel charge is ap-

proximated as a point charge and the integral equation

is enforced in average over a panel. This results in the

following qualocation equation,
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The integral in the qualocation method (4) is equiva-

lent to computing a dipole potential, and can be evalu-

ated analytically[3]. Thus amount of work needed to com-

pute the �ctitious magnetic surface charge, and therefore,

�eld and inductance values is almost the same when using

the collocation or qualocation method. Figure 2 shows a

schematic for the three di�erent discretization methods.

The galerkin method is represented by two shaded trian-

gles because the integral in (3) is evaluated over both the

source and the target triangles. In the collocation method,

the target triangle is not shaded because the integral in (3)

is approximated at the target triangle's centroid. How-

ever, in the qualocation method, the source triangle is not

shaded because the integral over the source triangle is ap-

proximated as a point charge at the its centroid.

After computing the magnetic charges, the total mag-

netic �eld can be calculated from

H(r)Total = HC �

X
j

qj

Z
S

5

1

j r � r0
j

dS
0

j
: (5)

RESULTS

To demonstrate the accuracy of the new method, we

examined the analytically solvable problem of an ellipsoid

of permeable material in a uniform vertical magnetic �eld,

as shown in Figure 3. The magnetic charge was solved for

using (4), then 
ux density was calculated using (5). To

compare with the collocation method, we used (2), instead

of (4), to solve for the magnetic charge.

As shown in Figure 4, the average 
ux density over the

median cross section of the ellipsoid, shown in Figure 3,
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Figure 3: Ellipsoid with �r = 1000 in Ho, b=1 m.
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Figure 4: Average 
ux density over the ellipsoid's median

cross section, shown in �gure 3, for both collocation and

qualocation.
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Figure 5: Permeable cylinder and excitation coil.

computed using the qualocation method matches the an-

alytic solution much more accurately than when using the

collocation method, with larger di�erence associated with

thinner ellipsoids.

To show the qualocation method improves the extracted

inductance accuracy, we considered a coil of wire around

a permeable cylinder, as shown in Figure 5. The current

density in the coil was constant. The inductance was cal-

culated as follows,

Inductance =

R
S
B(r) � dS

I
; (6)

where I is the total current 
owing in the coil, S is the

surface of the coil median surface, and B is the magnetic


ux density evaluated using (5). HC in (5) is determined

from the current density using,

HC(r) = 5�
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j
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where J is the current density, and v is the volume of coil.

The inductance was computed using both collocation

and qualocation, and the results compared with data [5].

As shown in �gure 6, qualocation is much more accurate.

The inaccuracy of the collocation approach is most clearly

demonstrated by examining a coil of wire around a long

permeable cylinder, shown in Figure 7. Figure 8 shows

that the collocation underestimates the magnetic charges

on top of the permeable cylinder.

CONCLUSIONS AND

ACKNOWLEDGEMENTS

An enhanced method for solving a frequency-dependent

inductance of 3-D structures that contains permeable ma-
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Figure 6: Comparison between extracted inductance using

collocation and qualocation. X notes data from [5].
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Figure 7: Coil surrounding �r = 1000 cylinder.
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Figure 8: Fictitious magnetic surface charge on cylinder

top.

terials has been presented. The new method shows is no

more expensive in than collocation and is up to an order

of magnitude more accurate for highly permeable struc-

tures with big aspect ratios or with edges. Computational

results were presented and compared with experimental

data to demonstrate the accuracy improvement of the ap-

proach.

This work supported under the DARPA composite CAD

program, the DARPA MURI program, and grants from

Semiconductor Research Corporation.

REFERENCES

[1] B. Krstajic, Z. Andelic, S. Milojkovic, S. Babic, and

S. Salon, \Nonlinear 3D Magnetostatic Field Calculation

by the Integral Equation Method with Surface and Vol-

ume Charges," IEEE Trans. on Mag., Vol. 28, No. 2, pp.

1088-1091, March 1992.

[2] Y. Massoud and J. White, \Fast Inductance Extrac-

tion of 3-D Structures with Non-Constant Permeabilities,"

Proceedings of the Modeling and simulation of Microsys-

tems, Santa Clara, California, April 1998.

[3] J. Newman, "Distribution of sources and normal

dipoles over a quadrilateral panel", Journal of Engineering

Mathematics 20, 113-126, 1996.

[4]. I. Sloan, W. Wendland," Qualocation methods for

elliptic boundary integral equations", Numerische Mathe-

matik, vol.79, no.3, 1998, pp.451-83.

[5] W. Rucker and K. Richter, \ Three-Dimensional Mag-

netostatic Field Calculation Using Boundary Element

Method." IEEE Trans. on Mag., Vol. 24, No. 1, pp.

23-26, January 1988.


